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ABSTRACT: The zero modes of closed strings on a torus — the torus coordinates plus dual
coordinates conjugate to winding number — parameterize a doubled torus. In closed string
field theory, the string field depends on all zero-modes and so can be expanded to give an
infinite set of fields on the doubled torus. We use string field theory to construct a theory
of massless fields on the doubled torus. Key to the consistency is a constraint on fields and
gauge parameters that arises from the Ly — Ly = 0 condition in closed string theory. The
symmetry of this double field theory includes usual and ‘dual diffeomorphisms’, together
with a T-duality acting on fields that have explicit dependence on the torus coordinates
and the dual coordinates. We find that, along with gravity, a Kalb-Ramond field and a
dilaton must be added to support both usual and dual diffeomorphisms. We construct
a fully consistent and gauge invariant action on the doubled torus to cubic order in the
fields. We discuss the challenges involved in the construction of the full nonlinear theory.
We emphasize that the doubled geometry is physical and the dual dimensions should not
be viewed as an auxiliary structure or a gauge artifact.
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T-duality is a striking property of string theory.! Closed strings can wrap around non-

contractible cycles in spacetime, giving winding states that have no analogue for particle

theories.

The existence of both momentum and winding states is the key property of

strings that allows T-duality: the complete physical equivalence of string theories on dual

backgrounds that have very different geometries.

See [1] for a review of T-duality and references.



String field theory provides a complete gauge-invariant formulation of string dynamics
around any consistent background, and we will use it here to study T-duality. A closed
string field theory for a flat spacetime with some spatial directions curled up into a torus
was examined long ago by Kugo and Zwiebach [2],? following earlier work in [4, 5]. In
particular, [2] showed how T-duality is realised as a symmetry of the string field theory.
The string field theory treats momenta and winding rather symmetrically and, as a conse-
quence, expanding the string field gives component fields that depend on both momentum
and winding number. Fourier transforming to position space then gives component fields
that depend on both the spacetime coordinates conjugate to momentum and on new pe-
riodic coordinates conjugate to winding number. For a spacetime which is a product of a
Minkowski space M with a d-dimensional torus 7%, the component fields are then fields
on M x T?% where the doubled torus T?% contains the original spacetime torus 7% together
with another torus 7% parameterised by the winding coordinates. In fact, the doubled torus
contains the original torus T¢ as well as the tori related to it by T-duality. Then T-duality
can be viewed as changing which T¢ subspace of the doubled torus is to be regarded as
part of the spacetime [6].

The complete closed string field theory on a torus is exotic and complicated. To our
knowledge, it has not been examined in detail at the component level to try to uncover
how spacetime fields realise the magic of T-duality. This is one of the main purposes of
the present paper. As a simplification, we restrict ourselves to the ‘massless’ sector or,
more precisely, to the set of fields that would be massless in the uncompactified theory. We
thus focus on the gravity, antisymmetric tensor (Kalb-Ramond), and dilaton fields. We
include all momenta and winding excitations of these fields by keeping their full dependence
on the coordinates of the doubled torus. T-duality exchanges momentum and winding
excitations, so that we expect T-duality to be a symmetry of this massless theory. A
T-duality symmetric field theory on the doubled torus that can incorporate all T-dual
geometries is likely to be novel and perhaps even exotic. Our hope is that this massless
theory exists and it is not so complicated as to defy construction. Our results so far
are encouraging: we have constructed the theory to cubic order in the fields. No higher
derivatives are needed: each term has two derivatives, as in Einstein gravity.

Previous work on double field theory includes that of Tseytlin [7] who used a first-
quantized approach with non-covariant actions for left and right-moving string coordinates
on the torus. He calculated amplitudes for vertex operators depending on both coordinates,
finding partially gauge-fixed cubic interactions for metric perturbations that are consistent
with our action. It would be interesting to develop the first-quantised approach further,
perhaps using the covariant formulation of [6]. Siegel [8] considered the field theory for the
massless sector of closed strings without winding modes, but this restriction is implemented
in an O(d,d,Z) covariant fashion through an intriguing formulation of T-duality. An
effective field theory on a doubled torus also arose in the study of open strings on a torus
with “space-filling” and point-like D-branes [9].

?While this work used a covariantised light-cone formulation of the string field theory, the results are
largely applicable to the covariant closed string field theory [3] which we use here.



The gauge symmetry of the theory we build should include diffeomorphisms for each 7%
subspace of the doubled torus that can arise as a possible spacetime. We find that this is the
case, and the linearised transformations include linearised diffeomorphisms on the doubled
torus as well as a doubled version of the antisymmetric tensor field gauge symmetry. The
non-linear structure is rather intricate and a simple characterization remains to be found.
We find that the Jacobi identities are not satisfied, so the symmetry appears not to be
diffeomorphisms on the doubled torus or even a Lie algebra. Gauge invariance requires
that the fields and gauge parameters satisfy a constraint that arises from the Lo — Ly = 0
constraint of closed string field theory.

The doubled torus T2¢ arises naturally in the first-quantized approach to strings on
a torus, leading to a number of approaches involving sigma models whose target is the
space with doubled torus fibres [6, 7, 10-17]. T-duality extends to spacetimes that have
a torus fibration if the fields are independent of the coordinates of the torus fibres. The
Buscher rules [18] for d = 1, and their extension to d > 1 [19], encode the transformation
of such a background under T-duality. In the doubled torus formalism of refs. [6, 14], the
T fibres of such a background are replaced with doubled torus fibres 72?¢. A key feature of
this formalism is that T-duality is a manifest geometric symmetry, as the T-duality group
acts through diffeomorphisms on the doubled torus fibres. Moreover, the target space with
doubled torus fibres incorporates all possible T-dual geometries. The conventional picture
emerges only on choosing a T¢ subspace of each T2? fibre to be the spacetime torus, and
T-duality acts to change which T subspace is chosen [6]. The fact that T-duality is a
symmetry means that the physics is the same in each case.

If fields have explicit dependence on the torus coordinates, the situation is not well
understood. It is expected that fields that depend on the spacetime torus coordinates
x should transform into fields that depend on the dual coordinates Z. Dependence on
the dual coordinates is puzzling, but one would expect that while z-dependence affects
particles, Z-dependence should affect winding modes, so that particles and winding modes
could experience different backgrounds; see e.g. [20]. Dependence on Z has been associated
with world-sheet instanton effects [20], and a number of calculations have supported this
view [21-24]. General string backgrounds, however, should involve fields depending on
both z and z, and it is to be expected that there should be an extension of the T-duality
transformation rules to this general case [25, 26]. We find the T-duality transformations
that are a symmetry of the double action for fields that depend on both = and . The fields
in this action arise naturally from string field theory. In the case with no dependence on
the dual coordinates Z, we use the non-linear relation between these fields and the familiar
metric and B-field to find a generalisation of the Buscher rules to the case of fields with
general dependence on the torus coordinates = (or any set of coordinates related to these by
a duality). The form of these transformations then suggest a natural further generalisation
to the case in which the fields have full dependence on = and Z.

We would like to emphasize that the inclusion of dual coordinates in double field theory
is not a gauge redundancy or a reformulation of an underlying non-doubled geometry.
The dual coordinates are needed to represent physical degrees of freedom; one cannot
eliminate the dependence of fields on the additional coordinates using gauge conditions



or solving constraints. This is perhaps less obvious in first quantization than in second
quantization. In first quantization the familiar sigma model for closed strings on tori
defines a conformal field theory. Using a doubled torus or other additional structures for
the sigma model gives a better and more useful description of the same conformal field
theory. It allows, for example, a natural construction of vertex operators for states with
both momentum and winding. The physics, however, is in the conformal field theory,
which includes momentum and winding, however they are described. In the string field
theory a non-doubled formulation is not even an option. The string field, always defined
by the conformal field theory state space, necessarily depends on coordinates conjugate
to momentum and dual coordinates conjugate to winding. This dependence is nontrivial.
While string field theory is now known to have nonperturbative information (at least in
the open sector), our use of closed string field theory here has been more limited. String
field theory was useful in the construction of a nontrivial action and gauge transformations
that would have been hard to guess or construct directly.

Let us now discuss in some detail the setup and results in the present paper. We
shall be interested in closed string theory in D-dimensional flat space with d compactified
directions, R*~b! x T¢ where n +d = D. We shall present our discussion for the critical
D = 26 bosonic closed string, but much of this applies to closed superstring theories. We
use coordinates 2 = (x#,2%) with i = 0,..., D — 1 which split into coordinates z* on the
n-dimensional Minkoswski space R”~ 11 and coordinates z% on the d-torus T¢. States are
labelled by the momentum p; = (k,, pq) and the string windings w®. For coordinates with
periodicity =% ~ x%+ 27, the operators p, and w® have integer eigenvalues — these are the
momentum and winding quantum numbers. Perturbative states are of the form

S [k S bl as®) O o). L
I

Pa,w®

where O are operators built from matter and ghost oscillators and ¢;(k, ps, w®) are
momentum-space fields which also depend on the winding numbers. Fourier transform-
ing, dependence on the momenta k,, p, becomes dependence on the spacetime coordinates
zH, x® as usual, while dependence on w? is replaced by dependence on a new periodic coordi-
nate I, conjugate to winding numbers w®. Thus the fields ¢ above give us coordinate-space
fields

or(zh, x%,z,) . (1.2)
Then (2%, &,) are periodic coordinates for the doubled torus 72¢. All physical string states
must satisfy the level matching condition, i.e., they must be annihilated by Lo — Lo:

Lo—Lo=N—-N —p,uw*=0. (1.3)

This constraint will play a central role in our work. The free string on-shell condition

Lo + Lo — 2 = 0 takes a simple form when the background antisymmetric tensor vanishes:

2
M2z—(k2+p2+w2):E(N+N—2)- (1.4)

/



Here o/p? = G“bpapb and o/w? = éabw“wb where Gab is the torus metric and N, N are
the number operators for the left and right moving oscillators. We can view M? as the D-
dimensional mass-squared and the associated massless states (M? = 0) satisfy N + N = 2.

The mass M in D-dimensions should not be confused with the mass M in the n-

dimensional Minkoswki space obtained after compactification:

2
MQE—k2:p2—|—w2—|—J(N+N—2). (1.5)

For a rectangular torus the metric is Gab = 5abR(21 /o', where R, is the radius of the circle
along z®. If all the circles are sufficiently large compared with the string length (R2 >> o),
then w? = Y w2R2 /o’ is large and p? = > p2a//R? is small, so that the states that are
light compared to the string scale include those which have w® = 0 and N4+ N = 2. This is
the Kaluza-Klein tower of states obtained by compactifying the theory of massless states in
D dimensions. A conventional effective field theory in the n-dimensional Minkowski space
would keep states for which M? is zero or small, and would give the leading terms in a
systematic expansion in M?. Instead, here we focus on M? = 0 states and in so doing,
we are keeping certain states that, from the lower-dimensional point of view, are heavy
while neglecting some which are lighter.® It is possible that the theory we are trying to
build should be considered as an effective theory in which we keep a set of massless fields,
including all of their large-energy excitations, and integrate out everything else. At special
points in the torus moduli space there are extra states with M? = 0 giving enhanced gauge
symmetry, while near these special points these states will have small M?. These have
(N,N) = (1,0) or (N,N) = (0,1) and so have M? = —2/a/; we will not include these here.

T-duality is an O(d, d;Z) symmetry of the string theory acting linearly on the torus
coordinates %, z, and preserving their boundary conditions. This includes a Zo symmetry
for each direction a that interchanges x® with Z,. For a rectangular torus in which x® is a
coordinate for a circle of radius Ry, &, is the coordinate for a T-dual circle of radius o'/ R,,.
Performing a Zs on each of the toroidal dimensions takes a theory on the original spacetime
R" 11 x T9 with coordinates z*, 2% to a theory in the dual spacetime R" 11 x T9 with
coordinates z*, Z,.

In the closed string field theory for this toroidal background the string field |¥) is
a general state of the form (1.1), and so can be viewed as a collection of component
fields ¢r(xH, 2% &,). It should be emphasized that the difference between the toroidally
compactified theory and the D-dimensional Minkowski space theory is that the toroidal
zero modes are doubled; no new oscillators are added. Two off-shell constraints must be
satisfied by both the string field and the gauge parameter |A). We must have

(bo — bo)|¥) =0, (bo — bo)|A) =0, (1.6)
and the associated level-matching conditions

(Lo — Lo)|¥) =0, (Lo — Lo)|A) = 0. (1.7)

3We thank David Gross for emphasizing this point to us.



The free field equation is Q|¥) = 0, where @ is the BRST operator, and it is invariant
under gauge transformations 0|¥) = Q|A). The ket |A) gives rise to an infinite set of gauge
parameters that depend on z#,z% and Z,. On account of (1.3) and (1.7) the string field

satisfies
(N = N)|¥) = pow|¥), (1.8)

and for a component field ¢7(x*, 2%, &,) we have
— 1
(N[—NI)(ﬁ[:io/A(b[, with A= ———-——. (19)

Here the Ny and N; are the eigenvalues of N and N on the CFT state for which ¢7 is
the expansion coefficient. Thus string field theory is a theory of constrained fields, but the

constraint still allows fields with non-trivial dependence on both z% and z, if d > 1.
For N = N =1 we have the following fields, all with M? = 0:4

hij(z", x%, &4), bij(xt, %, Z,), d(zt, x, z,) . (1.10)

The constraint requires that these fields are all annihilated by the differential operator A.
The solutions independent of Z give the gravity field h;j(2*, 2%), the antisymmetric tensor
field b;;(x#,2), and the dilaton d(z*,2®) in D dimensions. The solutions independent of
x® give dual versions of these fields, while again the general case depends on both z% and
e huaa
doubling of the tensor indices. At higher levels the fields have the same index structure as

Zo (for d > 1). Note that e.g. h;; decomposes as usual into h ha and there is no
for the uncompactified string theory, but now depend on Z as well as #, £ and are subject
to the constraint (1.9).

In this paper we focus on the M? = 0 fields in (1.10). The relevant gauge parameters
are a pair of vector fields ¢;(z#, 2%, Z,) and € (z", 2%, Z,), both of which are annihilated by
A. Our analysis of the quadratic theory shows that the linearised gauge transformations
take the form

6hij = (%ej + 8jei + 5i€j + 5j€i,
0bij = —(Diej — Djei) — (0i€; — Djéi) (1.11)
1 1~ _

We use the notation #; = (Z,,0) and 9; = (9/0Z, ,0,) which makes it clear that only the
coordinates on the torus are doubled. The above gauge structure is rather intricate and
novel. For parameters and fields that are independent of z, these are the standard lin-
earised diffeomorphisms (acting on z') with parameter ¢; and antisymmetric tensor gauge
transformations with parameter €;. A dilaton ¢ which is a scalar (invariant under these lin-
earised transformations) can be defined by ¢ = d+ %nij hi; . Parameters and fields that are
independent of £ live on the dual space with coordinates x*, Z,. These are again linearised
diffeomorphisms, now acting on x*,Z,, and antisymmetric tensor gauge transformations,

4There are additional auxiliary fields and gauge trivial fields that do not contribute propagating degrees
of freedom.



but the roles of the parameters ¢; and €; have been interchanged. Now ¢; is the diffeomor-
phism parameter and ¢; the antisymmetric tensor gauge parameter. In this case, the scalar
dilaton would be ¢ = d — %77’7 hi; . While ¢ is invariant under e transformations and b is
invariant under € transformations, there is no combination of d and n% h;j that is invariant
under both. In the full non-linear theory there is no dilaton that is a scalar under both
diffeomorphisms and dual diffeomorphisms, and d is the natural field to use. Nonlinearly,
one has a relation of the form e=2¢ = 6*2‘1’\/—_ ; the dilaton d is invariant under T-duality
and its expectation value provides the duality-invariant string coupling constant [2, 14, 34].

In the general case with dependence on both z% and Z, one has both diffeomorphisms
and dual diffeomorphisms, giving an intriguing structure of ‘doubled diffeomorphisms’.
Moreover, we will show the diffeomorphisms and antisymmetric tensor gauge transforma-
tions become closely linked, with the roles of the parameters interchanged by T-duality.
The consistency of this free theory hinges crucially on the constraint A = 0 satisfied by
the fields and gauge parameters. Given the general interest in theories on doubled tori,
we analyze the free theory further and find that linearised double diffeomorphisms cannot
be realised with the h;; field alone: the Kalb-Ramond and dilaton fields must be added.
While diffeomorphism symmetry does not fix the field content of the massless sector of
closed string theory, ‘double diffeomorphisms’ does!

We are guided by string field theory to build a remarkable interacting generalisation
of the linearised massless theory described above. In doing so we obtain a two-derivative
theory with a gauge invariance that is the nonlinear version of the doubled diffeomorphisms
found in the quadratic theory. The constraint A = 0 remains unmodified and the theory
remains a theory of constrained fields. The action is given in (3.25) and the gauge trans-
formations are given in (3.27). The theory also has a discrete Zy symmetry (3.26) that
arises from the orientation invariance of the underlying closed string theory. It should be
emphasized that the quadratic part of the action that we write is exactly that of the string
field theory, but the cubic part of the action is not. In constructing this cubic part we drop
all terms with more than two derivatives. We also drop the momentum-dependent sign
factors due to cocycles that enforce the mutual locality of vertex operators [4, 5, 27, 28, 32].
Gauge invariance works to this order without the inclusion of such terms, although some
may be needed to achieve a complete nonlinear construction. The role of sign factors is
discussed in section 5.

The symmetry algebra of closed string field theory is not a Lie algebra (the Jacobi
identitites do not hold) as in familiar theories, but rather a homotopy Lie algebra [3]. The
structure of the interactions we find in our double field theory leads to a symmetry algebra
that appears not to be a Lie algebra, suggesting that some of the homotopy structure of the
string field theory survives in the massless theory. As we discuss in section 5, an explicit
projector is needed so that the product of two fields in the kernel of A is also in the kernel
of A. The presence of this projection is part of the reason the brackets that define the
composition of gauge parameters do not satisfy a Jacobi identity. Understanding the full
symmetry of the theory is a central open problem. Further discussion of open problems
and directions for further research can be found in section 6.

In closing this introduction we note that the work here furnishes some new results



in closed string field theory. The cubic theory of the massless fields, required to see the
full structure of diffeomorphisms, was not worked out before. The formulation of gravity
in string theory uses auxiliary fields that must be eliminated using their equations of
motion as well as a gauge trivial scalar field that must be carefully gauged away. Field
redefinitions are needed to obtain a simple form of the gauge transformations. In the
end, the formulation of gravity plus antisymmetric field and a dilaton in string theory
is extremely efficient; it uses e;; = h;; + b;j; and a duality-invariant scalar d (related to
linearized order to the usual dilaton ¢ by d = ¢ — ih). The cubic action we present is
much simpler than the cubic action obtained by direct expansion of the familiar action for
gravity, antisymmetric tensor, and dilaton. The results in this paper suffice to find the field
redefinitions that connect the string field theory and sigma model fields for the massless
sector of the closed string to quadratic order in the fields and without derivatives. Earlier
work in this direction includes that of [29], which discussed general coordinate invariance
in closed string field theory and [30], which studied the constraints that T-duality imposes
on the relation between closed string fields and sigma model fields.

2 The free theory

In this section we begin by giving an argument supporting our claim that linearised double
diffeomorphism invariance requires the massless multiplet of closed string theory. We
then review closed string theory on toroidal backgrounds, setting the notation and giving
the basic results used in this paper. We then use the free closed string field theory to
construct the free double field theory. We study the symmetries in detail and emphasize
the differences with the conventional free theory of gravity, antisymmetric field, and dilaton.

2.1 Linearised double diffeomorphism symmetry

In the introduction we introduced M? = 0 fields depending on (z#, 2%, %,) with linearised
transformations (1.11). These included a field h;;j(x*, 2%, Z,) transforming under linearised
diffeomorphisms as

(Shij = al-ej + 8jel- . (21)
and under linearised ‘dual diffeomorphisms’ as
Shij = 52‘6]‘ + éjgi . (2.2)

We will now show why we cannot have a theory of h;; alone that is invariant under such

‘double diffeomorphisms’. We will find that introducing a Kalb-Ramond field and a dilaton
is essential, and that the constraint A = 0 must be satisfied for invariance.

For Einstein’s gravity S = # | v/=gR, and to quadratic order in the fluctuation field

hij(xz) = gij(x) — n;; one has

2 Lo ija2 Lo Logip 2, 1 ij

(2%& )SQZ dx Zhja hz‘j—Zha h+§(6 hij) +§h8,~8jh] . (2.3)

This action, of course, is invariant under (2.1), but we wish to implement also the dual

diffeomorphisms (2.2). For a field h;;(Z, ) depending on both = and Z, the action is an



integral over the full n + 2d dimensional doubled space. We will denote this integral as
[[dzdz]. The natural action is
2 L2 Lo Loi, 2 1 ij
(2/4: )S: [dxdx] Zhja hij—zha h+§(6 hij) +§h8,~8jh]
1 1 1 1 (24)
+Zhij<§2hij -3 ho*h + 5(5ihij)2 +5h 0;0; W' | .
For a gravity field hl-j(xi) independent of T, the action reduces to the linearised Einstein
action on the space with coordinates z?. For a gravity field hij(z*,Z4) independent of z*
the action reduces to the linearised Einstein action on the dual space with coordinates
a#, Z4. The first line in (2.4) is invariant under the § transformations (2.1), the second is
invariant under the § transformations (2.2).
Let us vary the double action S under §. The second line is invariant and varying the
first gives

(262) 65 = / (dedi] [W50%5i2; + 0ih¥ (00 );
— hd*0-& +h(8;0)0;& (2.5)
+ Oih 9% 9;, + (8;0;1h0)0 - €

We have organised the right-hand side so that the terms on each line would cancel if the
tilde derivatives were replaced by ordinary derivatives. As we can see, no cancellation
whatsoever takes place! Grouping related terms we have

(26%) 68 = / [dxdz) [ hi9920;é; — h'9;00;¢), + (8;0;h7 — 9*h) D - &
] (2.6)
+(0'hy; — 0jh) (8- 9)&

The terms on the second line vanish when the gauge parameter € satisfies the constraint
9 -9 = 0. Relabeling the indices on the first two terms, we get

(2k%) 68 = / [dxdi] [ (D;h )0k (9,6, — Okéi) + (8;0;h7 — 9?h) D - &
(2.7)
+(8hy; — Ojh) (D - D)&

In order to cancel this variation we need new fields with new gauge transformations. To
cancel the first term we can use a Kalb-Ramond field b;; and a new term 57 in the action:

(2/4:2) Sl = /[dl‘d.ﬁ'] (@hij)akbik, with Sbij = —(3i€j — 8j€i) . (2.8)
To cancel the second term in (2.7) we introduce a dilaton ¢ and a new term S given by

(252)52:/[dmdiﬂ](—Q)(aiajhij—82h)¢, with  dp=-0 €. (2.9)

(NN

The above are the first steps in the construction of a consistent quadratic theory. More
terms are needed, and we will find the full, invariant quadratic action from the closed string



field theory in section 2.3. The lessons are clear, however. Implementation of linearised
doubled diffeomorphisms for h;; requires the addition of further fields, most naturally, a
Kalb-Ramond gauge field and a dilaton. Moreover, a second-order differential constraint is
required: fields and gauge parameters must be annihilated by 0 - d. In fact, to this order,
it suffices for the gauge parameters to satisfy the constraint.

It is natural to ask if by adding further fields one can find an action that is invariant
without the constraint. The offending term on the second line of (2.7) can be cancelled in
this way, but then further terms are needed. We have not been able to find a non-trivial
theory that is invariant under both § and 6 transformations without use of the constraint.

2.2 General toroidal backgrounds

An explicit discussion of closed string field theory in toroidal backgrounds was given in the
work of Kugo and Zwiebach [2]. Following this work, we review the basic results that will

be needed here. We begin with the string action, given by®
1 2w ) ) ) )
S=-1 /0 do / dr (VAP0 X 05X Gij + €0, X 05 X7 Byj) . (2.10)

The string coordinates
X ={X*, X"}, (2.11)

split into string coordinates X* for n-dimensional Minkowski space and periodic string
coordinates X“ for the internal d-dimensional torus:

X%~ X%+ 2. (2.12)

In the above action G;; and B;; are the constant background metric and antisymmetric
tensor, respectively. As usual, we define the inverse metric with upper indices:

GGy, =4}, . (2.13)

The background fields are taken to be

Ga 0 By 0
Gi=| " . By=("""]). (2.14)
0 N 00

Ey 0 R R R
) ab = Gap + ab - .
ab B =G+ B 2.15
0 Nuw

and we define
Eij = Gij +Bij = (

The Hamiltonian H for this theory takes the form

4rH = (X' ,2rP)H(E) <2X/P> ) (2.16)

>Our formulae will keep explicit factors of a’. In the worldsheet action (2.10) Gij, Bij, and the X" are
all dimensionless.

,10,



where the derivatives of the coordinates X¢ = 9, X" and the momenta P; are combined

into a 2D dimensional column vector and the 2D x 2D matrix H is given by

G- BG™'B BG!
H(E) = ) 2.17
(B) ey (217)

The matrix H(E) satisfies the constraint H~! = nHn.
The mode expansions for X*, P, and the dual coordinates X; take the form

Xi(T,O') gt + wio + TGij( ]kw Z z eino %efino] efim—’

27 Pi(1,0) =p; + \[Z Et J ma—!—Em ale m"] eiim,
nZ0 (2.18)

Xi(T, 0') =X; + pioc+T [(G — BGilB)ijwj
+(BG™1 Z Efja%ei"” —i—E,‘jd{Le*m”] e~
n;ﬁO

Given (2.12), 2% ~ z% + 27 and w® and p, take integer values. Conjugate to the winding
charges w®, there are periodic coordinates I, satisfying Z, ~ Z, + 27. In the above

expansions we use
w' = {w* wh} ={w? 0},
i.i - {-i'aw%u} - {.i'a,O},

which state that there are no windings nor dual coordinates along the Minkowski directions.

(2.19)

We have the commutation relations:
(2, pj] =i8%, [0 ] =140, (2.20)

where Sf = diag{d?, 0} so that the second relation is just [Zq,w?] = i0%. Moreover

[, al]=[al,, al]=mGY Om4n,0 - (2.21)
Finally, we have the zero-modes given by
_ 1 Gij E k
- e

ai (p - )
T2 ] (2.22)

. 1. -
aézEG” (pj—l—Ejkw )

Lowering the indices and writing in terms of the dimensionless coordinates z* and z; gives

i 0 0 e
Qo = —E (@ _Em(?—:ik> =t EDZ"

/

, (2.23)
g = — ——
a0 = \/5 <8£Cl ik 8£Ck

— 11 —



where we introduced derivatives D; and D; with the dimensions of inverse length and used
pj = %@- as well as w* = 19*. The derivatives D and D can then be written as

1 0 0
Di—ﬁ(@—EikTM),

_ 1 0 0
Dij=— | —=+E,_ —]).
! vao! ( ox’ + B 8£Ek>

We work in Lorentzian signature (both for the worldsheet and spacetime) and D and D are

(2.24)

independent real derivatives with respect to right- and left-moving coordinates Z; — Eijxj
and T; + Efjxj, respectively. Indeed, X; — E;; X7 is a function of (¢ — 7) and X; + Eijj
is a function of (¢ 4+ 7). For the noncompact directions there are no dual derivatives and

0 0
= ) 2.2
0%; {050(1 ’0} (2.25)

As a consequence, while D, # D, we have D, = Du-

we have

It is useful to introduce operators [J and A, both quadratic in the o and @g operators:

I 1 . . 1 > .
—ED = 50420 Gija{) + 5 OCZO Gija{) s 5 96
O/ 1 i .] 1 _q _j ( ’ )
_EA = 5% Gijog — 500 Gijoy -
We note that, in general
/
@

LO—EozN—N—E

so that the level matching condition for fields with N = N becomes the constraint A = 0.

In terms of our derivatives, we get

A, (2.27)

1 . 1 . _ 1, . .
O=-D'Gy;D’ + - D'Gy; D’ = —(DZDi—i—D]Dj) )
2 T 2 | (2.28)
A= 3 D' Gy D’ — 3 D'Gi D’ = §(DZD,~ — D]Dj) .
Writing D? = D'D; and D'D; = D? we have
Lo, A2 Lo A2
D:§(D + D7), A:§(D — D7). (2.29)
An explicit computation using the expressions for o and ag gives
1 . 0 0 0 0 o 0
O=—(GY — —+2(BG™H/ — + (G- BG'B)jj == | . 2.30
o ( a0 97 T2BE) 57, g i 5z, oz, (2:30)

Note that the contribution to [J from the non-compact directions is the expected term
én“” 0,0,. Recalling that F is a constant, this can be rewritten as

0
0=2L g H(E) 9, with 9= <3§¢> : (2.31)

/
@ 0xJ
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Another short computation, together with (2.25), shows that the operator A takes the
form

2 o 0 2 o 0
A=—— — = — . 2.32
o ; 0x; Ox* o - 0%, 0x® (2.32)
Note that no background fields are required here. We can also write
1 ., ) 0171
A:—Ja nd, with n= (I 0) . (2.33)

While O is a Laplacian for the metric H(E), A is one for the O(D, D) invariant metric 7.

In string field theory the physical state conditions Ly + Lo —2 = 0 and Ly — Lo = 0
are treated very differently. The former arises from the free string field equation of motion
and gives equations of the form O0®; = .... for the component fields ®;(x,Z). The latter
is imposed as a constraint on the string field, so that the fields with N = N are required
to satisfy

Adr=0.

As usual, we include the standard be ghost system with ghost oscillators by, ¢y, by, Gn.

Rectangular Tori. Let us consider the case where Bg, = 0 and the metric is diagonal.
If R, denotes the physical radius of the circle X® ~ X% 4 27 we have

. . R2 N Oél
Eab:Gab:;(,l ab 5 Gab:ﬁ

a

5 (2.34)

For the derivatives we find

1 0 R? 0 _ 1 0 R? 0
D = — — — 2% — D = — — 4+ 2% _—
Vo <3x‘1 o Sab (%Eb) ] <3x‘1 T 5ab8§vb> '
1 o o 0 R? 9 0
— | prv —_ gab SR A S
- o (77 Oudy ¥ R? 0 0z 90 a0 0T, &Eb) '

(2.35)

We can introduce coordinates u® and w, that have physical lengths (repeated indices not
summed )

a/ /

u'=Roa®, ' ~u'+2%Ra, e = 5 da, ﬁawﬁa—l—%’g—. (2.36)
a a

For the noncompact directions we can take u* = vVo/x*. We then get

Da: Ra < 0 _5ab%>a Da: Ra < 0 +5abi>a

o ou? 8~b o ou? 8’&5
v v (2.37)
, 0 0 aw 0 0 0o 0
O=n"— —+496 7 0 75 -
out JuY ous Oub Oty Oy,
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2.3 Quadratic action from string field theory
The closed string field with N = N =1 takes the form

1 -
v) = / dp] (‘5%@) ol 1ol ey +e(p) erer + elp) 1oy

+ i\/g(fi(]?) ¢y eraty + f(p) 03010/1) ) -

We have used [[dp] to denote the integral over the continuous momenta p,, and the sum over

(2.38)

the discrete momenta p, and discrete winding w® so that, for example, e(p) = e(pp, Pa, w*).
The string field has ghost number two: each term includes two ghost oscillators acting on
the ghost-number zero state |p). In the above i = 2(co £ &) and we define b = bo =+ bo,
so that {c&,bE} = 1. As required, by |¥) = 0 because by [p) = 0 and the ghost oscillator ¢;
does not appear in |[¥). This expansion of the string field features five momentum-space
component fields: e;j,e, e, f, and f.

We wish to construct the quadratic action, given by

(262) 5@ — _§<xpyco—g\q/> . (2.39)

Here @ is the (ghost-number one) BRST operator of the conformal field theory and (V|
denotes the BPZ conjugate of the string field |¥) in (2.38). The computation of S? is
straightforward® and the result is

(22) S = /[dxd;z] [ ieijmeij +20e—fifi—fi f!
' ‘ ‘ ‘ (2.40)
— fZ (Djeij — QDZé) —{—fj (Dzeij + 2Dj6):| .

Here [[drdi] = [ d"ztd?2%d?F, is an integral over all n + 2d coordinates of R~ 11 x 724,
The definitions of (1, D, and D were given in section 2.2. All indices are raised and lowered
with the metric G¥. The gauge parameter |A) for the linearised gauge transformations is

IA) = / ldp] <\/%)\i(p) o e — \/%)\i(m a’ e+ plp) o ) p).  (241)

The string field A has ghost number one and is annihilated by b,. It encodes two vec-
torial gauge parameters \; and )\; and one scalar gauge parameter j. The consistency
of the string field theory requires the level-matching conditions (1.7). As a result, the
fields e;5,d, e, €, fi, fi and the gauge parameters A, A, 4 must be annihilated by A (defined
in (2.32)):

Aejj=Ad=Ae=Ae=Afi=Af;i=0, AN=A\=Ap=0. (2.42)

The quadratic string action (2.39) is invariant under the gauge transformations

5|T) = QIA). (2.43)

®We use the inner product (p'|c—1é-1cycgcici |p) = (2m)" 2% §(p — p'). The BRST operator is Q =
7% CaFD —+ ap - (047161 —+ cflal) —+ ap - (547151 + 571071) — bar(c,101 —+ 57151) 4+ ...
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Expanding this equation using (2.41) and (2.38) gives the following gauge transformations

of the component fields:
5eij = Dij\j + Dj)\i s

1

S
0fi =5 Ui+ Din, (2.44)
1.
56:—§D’)\i+,u,
1.

We can now introduce fields d and x by

1 1
dzi(e—é), and X:§(e+é). (2.45)

The gauge transformations of d and x are
1. o
od = ——(DZ)\Z‘ + DZ)\Z') ,
T - (2.46)
ox = —Z(DZ)\Z — Dz)\z) + .

We can use i to make the gauge choice
x =0.

After this choice is made, gauge transformations with arbitrary A and A require compensat-
ing p transformations to preserve x = 0. These do not affect d or e;;, as neither transforms
under p gauge transformations. It does change the gauge transformations of f and f, but
this is of no concern here as these auxiliary fields will be eliminated using their equations
of motion. Therefore, we set e = d and € = —d in (2.40) and eliminate the auxiliary fields
fi and f;, using

(D'e;; +2Dje) . (2.47)

N | =

1,_. _
fi:_a(Djeij_2Dié)a fi=
The result is the following quadratic action

1 1 1 o
(2x%) 8 = /[dxdgz] [ Zeu0e” + Z(Dfeij)2 + Z(Dleij)2 —2dD'Die;; — 4d0d | .

(2.48)
The gauge transformations generated by A are
dreij = Djki,
1 (2.49)
ohd =—=D -\,
4
and the gauge transformations generated by \ are
0xeij = Didy,
1. - (2.50)
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where we use a dot to indicate index contraction: a-b = a'b;. The action is invariant under

the Zo symmetry

ej — ¢i, Di — Di, D; — Di, d — d, (2.51)

which, as we will discuss later, is related to the invariance of the closed string theory under
orientation reversal. For our present purposes we note that this relates the J) and Jy
transformations, so that invariance under this Zy and J, implies invariance under Jy.

A short computation using (2.29) shows that the variation § = d) + J5 of the ac-
tion (2.48) gives

1 .. _ _ _
(2k%)68® = / [dadi] {5 eV A(D;A; — DiXj) +2dA(D - A —D- )| . (2.52)

As expected, the variation vanishes only if we use the constraint A = 0. Note that it is
sufficient for the invariance of the quadratic action that the parameters satisfy the con-
straints AX = A\ = 0. We have attempted to relax the constraints by adding extra fields,
but have been unable to find a gauge invariant action without constraints.

The action (2.48) and the associated gauge transformations are completely general.
They describe the dynamics of fluctuations about the toroidal background with background
field E;;. This background field enters the action through the derivatives, as can be seen
from (2.24).

2.4 Comparison with conventional actions

We can compare our general free theory (2.48) with the one discussed in section 2.1. For this
we scale the coordinates by v/a’ to give them dimensions of length and the derivatives (2.24)
become

D; = 0; — 0; — By,0"

_ - - 2.53
D; = 0; + 0; — By0" (253
where we defined 5
a3 _ Nk
i = Gy =Gig=—- 2.54
0; = G40 G k@xk (2.54)
Then
0= 62 + 52 + (Bijéj)Q — 231]825] , and A= —26152 . (255)

Here G;; is used to raise and lower indices and 9% = G%“9,9;, etc. For simplicity we will
consider backgrounds with B;; = 0. The derivatives and laplacians above become

Dizai—éi, Di:8i+<§i, D:82+52, and A:—Q@iéi. (2.56)
We decompose the field e;; into its symmetric and antisymmetric parts:

eij = hij +bij, with  hy; = hji, bij = —bj;. (2.57)

,16,



The action (2.48) then gives
(2x%) 8 = / [dxdz) [ h99%h;; + = (63h”) —2d0' hy; —4dd*d

1 e -
4h”82h += (8]h,j) +2dd'V hij —4dd*d

1 7.

+4bﬂ82b + = ((wa) (2.58)
1 7

+4b782bm+ (87@])

+ (8kh2k)(8jb,j) + (5khlk)(3]bl]) — 4d6i(§jbij:| .

To appreciate this result, we recall the standard action Sy for gravity, Kalb-Ramond, and
dilaton fields

(262) Sy = /dac\/_ge 2¢[ %H2+4(8¢)2} . (2.59)

We expand to quadratic order in fluctuations using g;; = G;j + h;j, ¢ = d + %Gijhzj, and
bi; = B;j + b;j, with constant G;; and B;;. It follows that H;;, = 9;bji + - -+, and we find

(2x2) S = / dz L{h,b,d; 9], (2.60)

where

L[h,b,d;0] = hUth”Jr (th”) ~2d0'¥ hiyj —4dd*d

(2.61)
b”a?b” + = (a bij)? .
Comparing with (2.60) we see that our action (2.58) can be written as
(2x%) 8% = /[dxdgz] [ L{h,b,d;d] + L[ h,b,—d; ]
(2.62)

+ (8khlk)(5]bw) + (5khlk)(3]bw) — 4d6i(§jbij ] .

While in (2.60) the fields depend only on the spacetime coordinates ¢, here they depend
on Z also. The lagrangian L appears twice, first with ordinary derivatives d and then
with dual derivatives 9, together with d — —d. Finally, in the last line we have unusual
terms with mixed derivatives. They introduce novel quadratic couplings between the met-
ric and the Kalb-Ramond field! Finally, there is a new coupling of the dilaton to the
Kalb-Ramond field.

We now turn to the symmetries. The linearised version of the standard action (2.60)
is invariant under linearised diffeomorphisms:

5hij = al'ej' + 8j6i s
dbi; = 0, (2.63)
1
6d = —58 c €,
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as well as antisymmetric tensor gauge transformations:

Shij = 0,
0bij = —0i€j + 0jé; , (2.64)
od = 0.

Note that the scalar dilaton ¢ = d + iGij hi; is invariant under linearised diffeomorphisms.
The symmetries of the double field theory (2.58) are (2.49) and (2.50). Defining

(A =N, (2.65)

we can rewrite these gauge transformations in a more familiar form. The transformations
with parameter e are

5hij = (%'Gj + 8j62‘ s
0b;j = —(&‘Gj - 5]’51‘)7 (2.66)
od = —% 0-e€.

These give transformations of the same form as the linearised diffeomorphisms (2.63) to-
gether with an exotic gauge transformation of b;; in which dual derivatives 0 act on the
parameter. The transformations with parameter € are

i 1
6bij = —(0;€; — 0j€;) (2.67)

Comparing with (2.64), we see Kalb-Ramond gauge transformations with parameter €
together with gravity transformations that are linearised diffeomorphisms with 0 replaced
by 8. Note that this time the scalar dilaton is ¢ = d — iGij hi;, since this is invariant under
linearised dual diffeomorphisms. Also interesting is that the transformation of d under
these dual diffeomorphisms is of the same form as the one in (2.66), but with opposite sign.
While the Minkowski space theory has a gauge invariant dilaton ¢ = d + %h, there is none
in the toroidal theory. We certainly have d¢ = 0, but Sqﬁ = 0 - & There is no dilaton that
is invariant under both e and € transformations.

3 Cubic action and gauge transformations

In this section we use closed string field theory to compute the cubic interactions for the
string field (2.38) together with the gauge transformations with parameter (2.41) to linear
order in the fields. The computation is laborious since there are many terms to consider
but the techniques are standard in string field theory.

In the action we have kept only the terms with a total number of derivatives (D or
D) less than or equal to two. In the gauge transformations we have kept the terms linear
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in the fields and which are relevant to an action with two derivatives. This strategy was
expected to lead to an action that is exactly gauge invariant to this order, just as it does
for string field actions around flat space. The constraint A = 0 does not involve terms
with different numbers of derivatives so no complication is expected.

The string field theory product used to define the interactions involves a projector. The
string fields satisfy the constraint Lo — Ly = 0 and the projector imposes the constraint
Lo — Ly = 0 on the product. Such projector should lead to a projector that imposes the
constraint A = 0 in our field theory products, and thus in our interactions. We discuss
this in detail in section 5. As we show there, however, when the fields satisfy the A =0
constraint no additional projectors are needed for the cubic interactions. The projectors
are needed in the gauge transformations, in the terms that involve a product of a field and a
gauge parameter. In order to avoid cluttering the notation we will leave them implicit. As
explained in section 5 the check of gauge invariance to this order is correctly done naively,
ignoring the projectors.

The vertex operators for strings on a torus include cocycles that lead to momentum-
dependent sign factors in the exact cubic string field theory interactions, and these sign
factors should also appear in our cubic double field theory action. These factors are not
expected to affect gauge invariance to cubic order. We present the results of this section
without cocycle-induced sign factors, but will discuss these further in section 5.

As a check of our results, we used the gauge transformations obtained in section 3.2 to
independently construct the cubic term in the action by the Noether method. The result
is exactly the same cubic action that we present here. We have also checked that the
gravitational sector of the action agrees with that in the standard action (2.59), expanded
to cubic order with the help of [33], for fields independent of Z and in a gauge in which the
metric perturbation is traceless.

3.1 Cubic terms and gauge transformations from CSFT

The string field theory action is non-polynomial and takes the form
9 2 _ 1 1
(26%)S = == | (¥leg QI¥) + S{W W, W} + — {0, ¢ W, W} 4. ] .31

Here {0, W, ¥} = (U|cy [V, ¥]) and {¥, ¥, ¥, U} = (¥|c, [V, ¥, ¥]) where [, ] is the closed
string product and [+, -, -] is a triple product of string fields. The higher order terms require
the introduction of products of all orders, with relations between them implied by gauge
invariance. The closed string products (discussed further in section 5) are graded commu-
tative and therefore symmetric when the entries are even vectors in the state space. The
string field W is even. The gauge transformations are

U = QA+ A, U] 4 -, (3.2)
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where the dots denote terms with higher powers of the string field ¥. The computation of
the action to cubic order in the string field (2.38) gives:

11 ij _ i F i( A N\ 1 Fi(Di >
(262) S = /[dxdw] [ ZeijDej + 2e0e— fif' — fif' — f'(D’e;; — 2D;€) + f7(D'e;j + 2Dje)

- éeij<—(Dkekj)(Dleil) — (Die™)(Dye) — 2 (D'egy) (D7)

+2(Diey) (D'ek7) + 2(Dkeil)(Djekl)>
b gesf P - S fifiet Shifte

- Loy (D' Deye - (Die) (D7) - (De)(Die) + e DIDYE)

- i f'(eDie + DI(ee)) + % F{((Die)e - eDie)

(3.3)

All fields are assumed to satisfy the constraint A = 0. The above action is invariant under
the exchanges

eij < ¢i, Di < Di, fi & —fi, e —&. (3.4)

This discrete symmetry implies we need only concern ourselves with the gauge transfor-
mations generated by A and by p. Those generated by A can be written in terms of the A
ones and the discrete transformations above. For the A\ gauge transformations we find, to
linear order in the fields,

_ 1
5)\61']' = Dj)‘i_Z [)\kDiekj—(Di)\k)ekj —i—Dk()\iekj)—i—(Dk)\i)ekj—Dk()\keij)—)\kaeij]
1 _ _ B 1. -
— Z [)\iDje — (D])\Z)e} + 5)\2‘]0]',

1 . 1 . 1 . 4
6)\6 - _§DZ>\Z - Zfz)\@ + g (eDlAi + 2(DZ€))\Z),

_ 1, i i
O\ = 1—6(eD Ai +2(D'e)N;).

(3.5)

We have not written the gauge transformations for the auxiliary fields f; and f; since they
are quite cumbersome and will not be needed. The i gauge transformations, to linear order
in the fields, are

5He¢j: 0,

5 e — 3

pe =H—gHE, (3.6)
_ 3

ou € :,u—l—g,ue
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To preserve the constraint, the variation of any field must be annihilated by A. The field-
independent terms in the variations meet this requirement as the gauge parameters are in
the kernel of A. The terms involving a product of a field and a gauge parameter are not
guaranteed to satisfy the constraint and a projection is needed. In section 5 we discuss the
natural projector [[-]] that satisfies A[[A]] = 0 for arbitrary A(z,Z). All terms linear in
the fields in the above gauge transformations include an implicit [[...]] around them. We
do not write these brackets here to avoid cluttering.

The closed string field theory predicts a gauge algebra that is quite intricate [3]: the
bracket of two gauge transformations is in general a gauge transformation with field depen-
dent structure constants and the gauge algebra only closes on-shell. To lowest nontrivial
order we find

[0x; ;00 ] ¥ = IA W + (on-shell = 0 terms) with A=A, A +..., (3.7)

where the dots represent field dependent terms. The product of parameters [Ag, A\1] is
antisymmetric under the interchange 1 < 2 since the A’s have ghost number one. For
gauge parameters \; and Ao the computation of the closed string product, keeping the
lowest number of derivatives, gives

1 A A
AT =2 [ - D)X = O - D)X
1 . 4
+ Z |: A D' Xy — Ao DZ)\l} (38)
17 | |
+1 MO A2) =D A) | = D

In the above, we introduced a bracket {-,-} of two vectors, defined by the right hand side.
It is the bracket induced by the closed string product and resembles the Lie bracket of
vector fields, but does not coincide with it. One can show that ghost number conservation
implies that the commutator of two A transformations does not give a A transformation
nor does it give a p-transformation. In (3.8) the projection brackets [[...]] act on the right
hand side, since any allowed gauge parameter must be in the kernel of A. We have verified
the structure of A in (3.8) by computing explicitly the leading inhomogeneous term in the
commutator of two transformations on e;;. The projectors cause no complication.

It is of interest to see if the bracket {A2, A1} forms a Lie algebra. The first line of (3.8)
is the Lie derivative, but the other two lines are exotic. We have found that

A2, M b Azt 4+ {{As, A b, Ay + {1, Az, A2 # 0. (3.9)

We have checked that this non-vanishing result occurs even if all products of \’s are in the
kernel of A. So the failure of the Jacobi identity is not only due to the projectors implicit
in the bracket {, }. The fact that the Jacobi identity does not hold is a reflection of the
homotopy-Lie algebra structure of the string field theory gauge algebra.

Fixing the pu gauge symmetry. We noted in the quadratic theory that the p symmetry
could be used to set e = d and € = —d in the action. A similar result holds at the cubic
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level, as we discuss now. First note that the p transformations in (3.6) give

3
5u(e—é):0—§ﬂ(e—|—é),

3 (3.10)
Oule+e)=2u—cple—e).
As a result, the following fields
1 3
d=—-(e—&) + — (e+8)?,
2 64
(3.11)
=it + 2 (-
X=3 32 ’
have transformations in which terms linear in fields vanish:
0,d=0,
g (3.12)
OuX = b
We now use p to set x = 0. Since
“Levo(ir 2o (3.13)
x=glete ce—@), .
the perturbative solution to y =0 is
e=—é. (3.14)
It then follows from (3.11) that in this gauge
1 _
d= 5(6—6), (3.15)
and we can take e = d and € = —d in evaluating the action and the gauge transformations.

Note that A gauge transformations now require compensating p transformations to preserve
the gauge x = 0. Indeed, it follows from

1
(Op+0x)x =1 — ZD - A + non-linear, (3.16)
that we must set p = %D - A+ ... and therefore the final A gauge transformations take
the form &y + 5M:%D_)\+__. Since d,e;; = 0 and d,d = 0, this only affects the auxiliary
fields. Since auxiliary fields will be eliminated, we need not concern ourselves with these
compensating gauge transformations.

3.2 Simplifying the gauge transformations

We now turn to simplifying the A-gauge transformations of e;; and d, dropping all terms of
quadratic and higher order in the fields. The field equations for the auxiliary fields f and
f have non-linear terms, but to the order we are working it suffices to substitute for f and
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f in the gauge transformation (3.5) using the linearised field equations (2.47). From (3.15)
we have

5d = %(56 _5e). (3.17)

In the formulae for dd, and de;;, we can set e = d and € = —d. Then (3.5) gives
5 ‘._D,)\._l NeDeer: — (D:Xer: + X\ DFe,. DF e
AEij = LjAq 1 iCkj ( i )ek] + A; €Lj + 2( z)ekj
17, = _ 1 _
— (D - )\)eij -2 )\kaeij ] + 1 [)\@'Djd — (Dj)\l')d] + 1 i (Dkekj + 2Djd) ,» (3.18)
1 1 _, 1 . 1 , ‘ 1 o
ohd =—=|—=D"'\; — —fz)\i + = (GDZ)\Z‘ + 2(DZ€))\Z‘) - — (eDZ)\i + 2(Dze))\i) .
21 2 4 8 16
Next we look for redefinitions of the fields and gauge parameters. After some manip-
ulation the above transformations can be written as

_ 3 1
5)\eij = Dj <)\z + Z)\Zd> + 5 [ (Di)\k)ekj — (Dk)\i)ekj + )\kaeij }

1
+ D@'<—Z)\k€kj> — dx(eizd),
1 3 1 (3.19)
oxd =—=D'( N+ >Nd ) +=(\-D)d
A 4 ( i+ 1 i ) + 2( )
1. 1. 1 . 9 9
— ZD] <_Z)\ ek]) — ﬁ 5,\(eije”) — 1_6 5)\d .
We redefine the gauge parameter \; by taking A\; + %)\id — A\, without affecting the
remaining terms linear in fields. Moreover, note that the first term on the second line in
each of the above transformations can be thought of as linearised transformations with
an effective barred parameter \ = —%)\kekj. The dy transformation with parameter A =
—i)\kekj leaves the quadratic action invariant, while it changes the cubic action by terms
cubic in the fields. In checking the invariance of the quadratic plus cubic action up to
terms quadratic in the fields, these J5 transformations constitute a separate symmetry and
so need not be included in the A transformations. We can therefore ignore them and we
will do so. We then have

_ 1
6)\(61']' + el-jd> = D])\z + 5 (DZ)\k)ekj — (Dk)\l)ekj + )\kaeij ,

3.20)
1 -9 1 1 (
Sl d——=eijey ——d*)=—-D-A+=(\-D)d.
A( 32 U T 16 ) DAt (D)
We redefine the fields
eij = eij +eijd,
1 9 (3.21)
[ T T g2
d d—+ 326”6 + 16d .
to give primed fields that have simple gauge transformations
! D 1 ky ./ k / k1
6)\61']‘ = Dj\ + B [(Dl)\ )ekj — (D )\i)ekj + A D €5 ] , (322)

1 1
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After these field redefinitions, it is convenient to drop the primes to simplify notation. We

do so in what follows.

3.3 Simplifying the action

We now consider the full action (3.3) and first fix the x4 gauge symmetry by setting e = d
and € = —d. We then eliminate the auxiliary fields f and f and, after a fair amount of
straightforward work, we find

1 o1 1 . L
(262) S = /[dmdaﬁ] [ Zeie? + Z(1)Je,~j)2 + Z(Dleij)2 ~2dD'Die;; — 4d0d

— S ety (~ (D) (Dreld) — 2 (D) (DI M)

+2(Dley) (D'ek) + 2(DFeil) (DI ek,)) (3.23)
1 o . . _
+ §d <eij Dijelk + eij DlDlel] + (Dleij)Q + (D]eij)Q)
1 i 7 9 i 1\ I L o
— Zeij (D D]d)d — Zeij(D d)(D]d) — 5 d-dd]|.
This is the action expected to be invariant under the original gauge transformations (3.18).

Since we simplified those gauge transformations by the field redefinitions (3.21) we now
perform these same field redefinitions in the action. From (3.21), we set

eij = € —eld .
A= d -~ i g (3:24)

to obtain an action in terms of the primed fields. Dropping all primes, the result is

1 I 1 ) .
(2,‘{2)5 :/[dxdj] |: ZeijDe” + Z<D]6ij)2 + Z(Dleij)2 — QdDZDJGZ'j — 4d0d
1 4 . . o o
+ 16 ( (Diey)(DIiekty — (Diey) (Dlek) — (Dkell)(D]ekl))

1 . _ . 1 1 - .. _
+ §d<(DZ€z‘j)2+(DJ€z‘j)2+§(Dk€ij)2+§(Dk€z‘j)2+2€”(Dkaekj +DjDkeik)>

+4de;jdD'D'd+4d*0d | .
(3.25)
The discrete Zo symmetry (2.51) we found in the quadratic theory is preserved here. This

is essentially manifest for all terms except the e? terms, where it takes a small computation
to confirm the symmetry. The transformations are written again here for convenience

Zo transformations : e;; — e, D; — D;, Dy — D;, d — d. (3.26)

The gauge transformations are those in (3.22)

_ 1
6)\61']' = Dj)\i + 5 (Di)\k)ekj — (Dk)\i)ekj + )\kaeij ,
(3.27)

1 1
drd=—7D-A+7(A-D)d .

— 24 —



The discrete symmetry (3.26) of the action S is fundamental to our analysis. It implies

that gauge transformations with barred gauge parameters obtained from (3.27) by the

discrete symmetry are also invariances of S. The action S then has the appropriate doubled
symmetry. For future reference the barred gauge transformations are

55\6@‘ = Dij\j —i—% (D]Xk)ezk — (ij\])ezk + j\kaeij ,

1.1 (3.28)

05d = —ZD-)\—i—i()\-D)d .

In all of the above gauge transformations, there is an implict projection [[-]] to the kernel

of A for the terms linear in the fields.

As a check of the action S we used the Noether method to construct a cubic term to
be added to the quadratic action for which the action is invariant under (3.27), up to terms
cubic or higher in the fields. The result was precisely the action S given above. We note
that the cubic action can be rewritten in a suggestive way (up to quartic terms) as

1 S _
(262) S = / [dxdi] e [—ZK —2¢;;D'DVd + 2(Dd)* + 2(Dd)2] . (3.29)
Here K = K5 4+ K3, where

4 o 1 1 _ g o
Ky = (D'eij)* + (DVei;)* + 5(D¥eij)” + 5 (D¥eij)? + 27 (DiDexj + D;D¥es) , (3.30)

coincides, up to total derivatives, with the quadratic Lagrangian for e;; and
K3 = —e; ( (Diep)(D7ef) — (Diey) (D'ek7) — (Dke“)(l_?jekl)> : (3.31)
coincides with the cubic Lagrangian for e;;. This suggests that K may give the leading
terms in the expansion of some curvature.
We can now reconsider the algebra of gauge transformations discussed around equa-
tion (3.8). Our field redefinitions cause the mixing of the unbarred and barred transfor-
mations, so some of the simplicity is lost. Nevertheless the answers are still reasonably

compact. The commutation of two gauge transformations with parameters (Ag,\;) and
(X2, A2) is a gauge transformation with parameters (A, A) that to leading order are field

independent:
1 - o
Azzi[(AZ-DHQ-D)AQ—(Al-D+A1-D)Ag}
1 ' ' 171 < - - -
+Z|:>\1‘DZ>\2—>\2‘DZ>\1:|—Z|:>\1‘DZ)\2—>\2‘DZ)\1:|,
o - - (3.32)
A@:i[(AQ-D+A2-D)A§—(Al-D+A1-D)A§}

—i [Al'Di)\g—)\g'Di)\l] —i—i [Xl'Dij\g—j\g'Dij\l] .
The constraint A = 0 on the parameters is used in calculating the algebra. The same
caveats discussed earlier apply here. The commutator of gauge transformations to all
orders in the fields is expected to include field dependent structure constants as well as
terms that vanish on-shell. There is an implicit projection [[-]] in the above right-hand
sides so that (A, A) are in the kernel of A. Finally, the brackets [-, -] implicit above do not
satisfy the Jacobi identity.
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3.4 Conventional field theory limits

In this section we examine the gauge transformations in the limits where there is depen-
dence on either just x or just T coordinates and show that we recover the expected results.
Interestingly, these two limits require two different sets of field redefinitions and these break
the discrete Zy symmetry of the theory.

We wish to compare our results with the gauge transformations of the conventional
(undoubled) theory of a metric g;;(z*), Kalb-Ramond field b;;(x¥), and a dilaton ¢(z*).
Under diffeomorphisms with parameter ¢ and antisymmetric gauge transformations with

parameter «;, the first two fields transform as

0 ij = L R
81 = ~¢8is (3.33)
5bij = ﬁgbij + 3@0@ — 3j0¢,‘ .
For the dilaton we have
S = £0;. (3.34)

Here L¢ is the Lie derivative with respect to ¢, For any rank two tensor rij, the Lie

derivative with respect to & takes the form
Lerij = (0i€") raj + (056" rir, + € 0hry; (3.35)

The above form of the standard diffeomorphisms is all we need to compare with our results.
It is interesting, however, to write the transformations more geometrically. We first note
that (3.33) can be written as

0gij = Vi&; + V&,

A (3.36)
0bij = Hyjp€" + 0:5 — 0;&; ,

where V is the covariant derivative with Levi-Civita connection I'; H is the field strength

H;ji, = O;ibji + 0jbr; + Okbyj (3.37)

and we have defined
& = gijé, & = a; —b&. (3.38)

Introducing the field
Eij = gij + bij, (3.39)

the transformations can be written as transformations of &:

05 = Vi&j + V& + Hijr" + 0:&j — 0,¢;

. . ~ - (3.40)
— 08 = Vi + V& + 065 — 956,
where V is the derivative for the connection with torsion
R 1
Ffj = Ffj — gleijl = 3 gkl (8i51j + @-Eﬂ — 815ij) . (3.41)
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The transformation (3.40) encodes nicely the full gauge structure of the fields. For the
dilaton transformation (3.34) it is convenient to define a field d by

e M=/ “ge ¥, (3.42)
Since /=g is a density we find that e=24 is also a density:
de 2 = 9;(e72¢h). (3.43)

Returning to the task at hand, we split the fields into constant background fields G, B
plus fluctuations
gl] 1] 1] (3.44)
bij = Bij + bjj .

The transformations (3.33) then imply transformations for the fluctuations. A short com-
putation shows that they can be written as

6hij = 8i€j + (9]'6@' + ﬁghij y

B ~ (3.45)
(5bij = aifj — 8j62‘ + ['gbij s
where
€, — Gz‘jgj, Ei = Q4 — Bz‘jfj . (3.46)
Defining as usual the field é;; that puts together the two types of fluctuations,
éij = hij + bij R (347)
we readily find that it transforms as
5éij = (8i€j + (9]'6@') + (al-éj — 8j€i) + Leéij (3,48)

= ((%fj + 8j62‘) + (@Ej — 3j€i) + ((3i€k)ékj + (3j€k)éik + Ekakéij) ,

where indices are raised and lowered using G;;. This is our final form for the conventional
gauge transformations, to be compared with the result arising from the cubic theory we
have constructed.

Our analysis requires both unbarred and barred gauge parameters, so we put together
the gauge transformations (3.27) and (3.28) to obtain the transformations

_ 1
(56@‘ :Dj)\i + 5 {(Di)\k)ekj — (Dk)\i)ekj + )\kaei]}

B 1r_ o o (3.49)
+ DX+ 3 |(DsX)ea — (D*Xg e + MpDbey; |,
as well as 1 1
6d:—Z(D-)\+D-5\)+§(>\-D+5\-D)d. (3.50)
We can rearrange the former in the suggestive form
_ _ o 1 o
dejj = DjNi +D;\; + (D@')\k)ekj + (Dj)\k)eik + B ()\ka + )\ka)eij
1 1 o (3.51)
3 (Dl)\k + Dk)\i)ekj ~3 (Dj)\k + Dk)\j)eik .
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The first line, as we will see, contains terms that combine naturally to form Lie derivatives.
The above transformations are expected to receive corrections of quadratic and higher
order in e;;, while those for é;; above are exact. The fields e;;, é;; are related by non-linear
field redefinitions &;; = e;; + O(e?) [30] and next we shall seek such redefinitions to bring
the transformations of e;; to the same form as those for é;;. We then undertake a similar
analysis for the T-dual system, and find a different field redefinition is needed.

We now examine the above gauge transformations in two limits. The first is that when
fields have no #* dependence. The second is that when fields have no ! dependence. It is

convenient in both cases to use linear combinations of the gauge parameters:
.1
We now consider the two possible limits.

3.4.1 Fields with no = dependence

In this case we can set d equal to zero in the derivatives (2.24). It follows then that
D = D = 9, absorbing v/a/ into the definition of the coordinates. All indices are raised or
lowered with GY and G;;. The transformations with parameter € are obtained from (3.51)
setting A\ = \; = ¢;:

1 1
5eeij = 8je,~ + (%'Ej + ((%Ek)ekj + (0j6k)eik + ekakeij — 5(5561' k)ekj — 5(55613)6“? ( )
3.53
1
= 8j62‘ + (%'Ej + ((%Ek)ekj + (0j6k)€ik + ekakeij — §5e(ei kekj) .
We therefore have
Oe| €55 + R 0j€; + 0iej + (0i€" )er; + (05€ e, + €,0"ei; . (3.54)
It follows that the field 1
e;; =e; + §eikekj , (3.55)
transforms as
Oc 6;; = (al'Ej + 8jei) + ACEB;; R (356)
up to terms of order (6;;)2.
The é-gauge transformations are obtained from (3.51) setting \; = —\; = &:
= N N 1 & 1 &
6g el-j == ajel- — al-ej - 5(5g6i )ekj — 5((5g6 j)eik, (357)
so that
Sg 6;; = 8j€i — (%Ej, (3.58)

;;)2 The transformations for e;; are precisely the standard gauge
transformations (3.48), up to higher order terms. This is what we wanted to show.

up to terms of order (e
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Note that the full field (background plus fluctuation) with natural gauge transforma-
tions is

1
Eij=Eij+ e;-; + cubic terms = G;j + B;; + €ij + ieikekj + cubic terms, (3.59)

so that &;; = e;; + %ei kekj, up to cubic terms. We now show that £ has the expected gauge
transformations. Indeed, for € transformations (up to terms of quadratic in fields) we have

T I (3.60)
The € transformations are a little more intricate. We first compute the Lie derivative of £:

Eegl'j = (alek) gkj + (ajek) Eir + e’“@k&-j
= (0;€") Eyj + (0;¢") By + Lee]
= Oi€j + 0je; — 0i( Bjre") + 0;(Bire") + Lee]
= 0.Eij +0peij s

(3.61)

where we used (3.56), noted that 6.&;; = 56627;, and recognised the presence of a é trans-
formation with parameter €; = Bl-jej . We thus have a symmetry 6, for which the transfor-

mation of £ is through the Lie derivative (up to terms quadratic in fields):
5551']‘ = (56 + SBs)gij = [,Egz‘j . (3.62)

The gauge transformation of d is obtained from (3.50). For the ¢ transformations
(A = X =€) we find, up to terms quadratic in fields,

1
5€d:—§8-e+e-8d. (3.63)

This can be rewritten as
ee 2 = 9; (e, (3.64)

and agrees with (3.43) if d is the same as d, up to terms cubic in the fields. A short
calculation shows that dzd = 0, as would be expected.

3.4.2 Fields with no = dependence

The configuration dual to the one considered in section 3.4.1 has fields independent of

.

In order to avoid the complication of indices running over non-compact directions
and toroidal directions we will consider the case in which there is no x dependence at all;
neither on the non-compact x* nor on the toroidal z*. We will simplify further by only
considering the transformations with parameters A\, and A, and the components ey, of €ij-
For fields that do not depend on x, the derivative d; vanishes and the derivatives (2.24),

absorbing v &' into the definition of the coordinates, take the form

Dy=—FEoud, Dy= E.,0°. (3.65)
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We expect from T-duality that the theory based on & coordinates sees the dual background
E;b = é;b + ng = E&)l As we will see later, the dual metric G’ is related to the original
metric G by

G l'=EG'E' =E'G'FE. (3.66)

Note that G/~! naturally has lower indices, just like F does. For example, from the above
we see that (G’*l)ab = E’acé“l Ebd. Thus we use G'~! to lower indices of primed objects:

Al = (G A, (3.67)

The fields and gauge parameters appropriate here are field redefinitions of the original
fields and gauge parameters whose forms are suggested by T-duality transformations. We
introduce the fluctuation field

¢ = (BN e (E1)P . (3.68)

Note that this field has upper indices. In order to compute the gauge transformations we

use
5/ = —(B71) Senq (B )P (3.69)

For the gauge parameters we introduce new primed ones through the relations
Aa=—Eap XV, o= Ep . (3.70)

All other gauge parameters will be taken to vanish.
Consider first the dilaton transformations (3.50), where indices, of course, are con-
tracted with the original metric G~1. We write this out explicitly

1. 1. .
dd=—2G"(Day+ Dads) + 5G (NaDs + AaDs) d
= —Zaab (B4c0° EygN'* + Eco0°EgpN?) + 5Gab (BaeN°Epg0® + EcqN°Eg0%) d, (3.71)
1

— _Z(@/—1)Cd(5c N 4 Ny 4 %(Gl—l)cd()\/céd 1+ Ned d,

where we made use of (3.65) and (3.70) to obtain the second line and (3.66) to obtain the
last line. This can now be rewritten as

M:_ié' [A’+5\’]+%[A’+5\’]-5d, (3.72)

where indices are contracted with G'~1. Taking N = X = ¢, this gives

1 - -
5d:—§6-6'—|—e'-6d, (3.73)
which can be rewritten as
de 2 = 9. (e7%), (3.74)
and is of the same form as (3.43). Gauge transformations ¢ of the dilaton with A = — )

vanish on account of (3.72).
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Let us now turn to the gauge transformations (3.51) of e;; where, again, all indices
are raised with G¥. We rewrite this result with lower-indexed fields and derivatives and

explicit G~ factors:

_ _ A A _ 1 - _
Seay = Dpha + Doy + GYUDoNg)eey + GUDyrg)eac + = G ADyg + AeDg)eas
- L _72 (3.75)
—3 G (Da)\d + Dd)\a)ecb —3 Ged (Db)\d + Dd)\b)eac .

Our task now is to manipulate the right hand side above. We replace D and D by the
explicit forms in (3.65), write the gauge parameters in terms of the primed gauge parameters
n (3.70), simplify using (3.66), and finally evaluate (3.69). This takes some effort, but the

result is relatively simple:

~ o 1 ~ o~
/ab abA/a + aa)\lb (aa)\/c)elcb + (abA/C)elac + 5 ()\/Cac + )\/cac)elab
3.76)
1 . ~ < ~p = ~ (
_ 5 (G/fl)cd[(aaAlc + 80)\Ia) eldb + 6/ac(ab)\/d + ap)\ld)] )

We first take the case when \' = ) = ¢/. We find
~ ~ ~ 1 A
Se lab _ ab la + aa b (aaelc)elcb + (abelc)elac 4+ E/cac elab _ 5 5(61(10 (Gl—l)cdeldb) , (377)

which gives

1 . - - - - -
5<e/ab + 5 e/ac (Gll)cdeldb> _ 3b€/a +aa€/b + (3a€é)e/6b + (abelc)elac + eéac e/ab ) (3.78)
Note that the tilde derivatives naturally have the index up. The parameters ¢’ naturally
have the index down, just like the coordinates, so that an infinitesimal diffeomorphism
takes the form z/, = Z, + €.

For the case M = —\ = —&, equation (3.76) gives

Gelab _ Gbaa _ Gagh _ %5<e/ac (é/—l)cde/db> ’ (3.79)
so that we now have
3<e'ab 4L (@fl)cde'db) _ Ben e (3.80)
We define
g% = ¢/ 4 %e/ac (G eae® (3.81)

so that, to this order, our gauge transformations take the form
sab _ bz Aa ~1b
a a la aael ,

A 3 5 = 3.82
5" = P + 0% + (9"€,)e” + (9'€.)e™ + L0 e™. (8.82)

These are the expected transformations.
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To give a clearer interpretation we now introduce a field that incorporates the back-
ground and the fluctuation. If we denote by E the inverse background field Eab — {E 1
we now define

EY = % 4 6% 4 0. (3.83)

We now show that this has the expected gauge transformations, up to terms of order ¢ 2,
We clearly have
0EW = dPe — 9. (3.84)

Next, we aim to write 6e® = 6£% in terms of a Lie derivative. The Lie derivative of
E® follows from the tensorial transformation

0%, 0%
taby~1\ ¢ Yld oedy
EV(T) = oi, 07, E% ). (3.85)
The result is
LoEP = (07%€)ED + (D€ )E™ + ™. (3.86)
Using (3.83) this gives:
LoEP = (0%)EP + (0 E™ + (9%.)e® + (%)™ + e.d°e? . (3.87)

Noting that E% = G'® + B/ that (' raises indices, and using (3.82), we find
0EW = 5e = £.E% — 9. BP) + 8°(e.B). (3.88)

Since the last two terms give a symmetry of the form (3.84), the theory contains a gauge
symmetry

0EL = L &P (3.89)

We conclude by comparing the field redefinition used here to that used in the absence
of Z dependence, namely e;; — e in (3.55). For this purpose it is convenient to re-express
the present field redefinition (3. 81)

elab N 6/ab + %e/ac (é/fl)cdeldb ) (390)

in terms of the lower-indexed field ey. For this we use (3.68), which gives e.q =
—EBee e E tq- Thus multiplying (3.90) from the left and from the right by E, we find

1
Cab — eab—ieac( E71G T E ey, . (3.91)

Using (3.66) we see that

1 N N
§eac(G71 EtEil)Cd €db - (392)

€ab — €;b = €qb —

The above shows that the field redefinition €/® — & is equivalent to eq, — ey I
Bab = 0 we find e, = equ — %eac eq, an expression that differs by a crucial sign from

t e lok,
el-j—ezj—i—Qel- €kj-
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Note that the field redefinition e — et needed to bring the e transformations to
the form of z-diffeomorphisms (in the Z-independent case) differs from the field redefini-
tion e — e~ needed to bring the € transformations to the form of Z-diffeomorphisms (in
the z-independent case). While our symmetries contain both z-diffeomorphisms and z-
diffeomorphisms in certain limits, it is not clear how, or even if, they fit together to form
diffeomorphisms of the doubled torus.

4 T-duality of the action

We have written a field theory action (3.25) that represents the dynamics of certain fluctu-
ations (e;; and d) about the background E;;. T-duality states that the closed string physics
around backgrounds FE and E’ related by an O(d, d,Z) transformation are identical. In the
string field theory context this was proven in [2] by showing that the string field theories
formulated around E and E’ are equivalent. In fact these theories are related by a homoge-
neous field redefinition. This field redefinition does not mix fields at different mass levels;
on a given field it shuffles momenta and winding, as well as the various polarizations. For
this reason, it is to be expected that our construction, which only keeps the N = N =1
fields, should have a T-duality symmetry. In this section we prove that T-duality is a prop-
erty of the action we have constructed. In string field theory, there are cocycle-induced
sign factors in the T-duality transformations [2].” Our cubic action does not include the
momentum dependent sign factors that arise from cocycles and so our T-duality transfor-
mations do not include such factors either. As we discuss in section 5, such sign factors
may be needed in some circumstances and could affect the duality transformations.

We also establish that the action is invariant under the background change B;; — —B;;.
This discrete symmetry is not part of the group of O(d,d,Z) symmetries, but plays an
important role in the theory. We conclude by discussing a natural generalization of the
Buscher rules that may describe T-duality transformations of toroidal backgrounds that
fail to have U(1) isometries due to explicit dependence on both coordinates and dual
coordinates of the tori. Again, this discussion is modulo cocycle-induced sign factors.

4.1 Duality transformations

We begin by reviewing a few properties of duality transformations. The group elements
g € O(D, D;Z) are 2D x 2D matrices of integers that leave the metric 7 invariant:

071
t
= = . 4.1
gng=n, 1 <IO> (4.1)

One readily sees that detg = +1.

Our indices i run over D = n + d values, so that the coordinates z? split into n non-
compact directions z# and d compact ones z%. If n = 0 and all dimensions are compact,
then the doubled torus has 2D periodic coordinates z?, #; transforming in the fundamental
representation of O(D, D;Z). If there are n non-compact directions, we shall be interested

"See [32] for a review of the role of cocycles in T-duality in the first-quantized formalism.
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in the O(d, d; Z) subgroup of O(D, D;Z) that preserves x* and which acts only on the 2d
periodic coordinates x%, Z,. It is this O(d, d;Z) subgroup that is a symmetry of the string
theory, but it will be useful to represent its action in terms of the 2D x 2D matrix g.

As in section 2.2, we write £ = G + B, with D x D matrices E = {E;;}, G = {G;},
and B = {B;;}. We also use G~! = {G¥}. If we write the 2D x 2D matrix

9= (Z Z) : (4.2)

the group action on the background is
E' =g(E) = (aE +b)(cE +d)~". (4.3)

We emphasize that we restrict ourselves to matrices ¢g in the O(d,d;Z) subgroup of
O(D, D;Z). This means that explicitly we have the D x D matrices:

. a0 b= b0 e ¢ 0 Cd= dO0 7 (4.4)
01 00 00 01

where a, l;, ¢, and d are d x d matrices such that

q

(We use hats for d x d matrices.) It is straightforward to verify that if g € O(d,d,Z) then
g € O(D,D,Z). The background E is a matrix of the form

>

2) € 0(d,d, 7). (4.5)

>

E0 S,
E= (0 ) , with F=G+ B =[FEg| and 7= [nu.]. (4.6)
n
It follows from the transformation in (4.3) that
E = 0 , with E'=(aE+b)(¢cE+d) . (4.7)
n

This is the expected transformation of the background metric: the background E in the
torus is transformed by an element of O(d,d,Z) while the Minkowski background is left
unchanged.

It is a familiar result that the non-linear transformation (4.3) of E becomes the linear
transformation of the 2D x 2D matrix H defined in (2.17):

H(E') = gH(E)g". (4.8)

It is useful to introduce the D x D matrices M (written as M;7) and M (written as
M;7) defined by the relations

Bt oAt
M=d - Ed = ¢ - B0 ,
0 1

7t ot At
M=d + Etc = (d +Ee O) .

0 1
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The matrices M and M control the transformation of the metric G' obtained from (4.3)
by splitting E’ into symmetric and antisymmetric parts, £/ = G’ + B’. Indeed, equation
(4.10) in [2] gives

(d+¢E) &' (d+¢E) =@,

. P . . (4.10)
(d—¢EY'G (d—¢bB) =G
These relations, together with (4.9) quickly lead to
Gfl — (Mt)fl Glfl Mfl
) ’ (4.11)
G-l = (Mt)—l G/—l M—l )
Two more identities from [2] (egs. (4.19)) are useful to us:
b — Eat = —(d' — EE',
. . NN . (4.12)
bt +Et&t — (dt —|—Etét)Elt.
In terms of the D x D matrices the above relations give,
b' — FEa' = -MFE', (413)
b+ Ela' = M E". '
Finally, a perturbation of the background E + §E transforms to E' + §E’ where
SF' = M~ 'sE(MY) ™!, (4.14)
so that
SE;; = M;* M;'6Ey, (4.15)

4.2 Duality invariance

We will begin with the action (3.25) written around a background E and with fields (e;;, d)
collectively denoted by W. Setting 2x% = 1 we have

S(E, V) = /dx“ dX L {Dk,Dl,G_l; eij(x“,X),d(m“,X)] . (4.16)

Here X is a 2d-column vector of coordinates

() o

and [dX = [dZdz. The action (4.16) is constructed from lower-index derivatives D;, D;
and the lower-indexed e;; fields (together with d) with all index contractions using the
metric G~!. The action depends on the background E through G~! and the derivatives
D, D (see (2.24)).
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We will establish equivalence between the theory on the background E and the theory
formulated on a background

E' =g(E) with ¢= (CC‘ Z) , (4.18)

where g is in the O(d, d;Z) subgroup of O(D, D;7Z), as explained in section 4.1.
It is notationally convenient to introduce extra coordinates ,, so that we have 2D

X = <xz> , where ;= (iﬂa> , xt = <x ) . (4.19)
T Ty xh

We will only consider fields that are independent of the extra coordinates Z,,, so that these

coordinates X with

coordinates play no role. With the help of these coordinates the action (4.16) can be
written as

S(E,¥) = /dX L [Dk,Dl,G*I; e,j(X),d(X)} . (4.20)

Here

/dX = /dx“dx“di“a, (4.21)

with no integration over the trivial coordinates Z,. Our argument will apply to any action
that is of the form (4.20) and with indices contracted in the way we describe below.
There is a natural action of O(D, D) on the 2D coordinates X but, as before, we only
consider the O(D, D;Z) transformations in the O(d, d;Z) subgroup that preserves z* and
z,, and respects the periodicities of the %, Z,. Such a transformation takes X to X’ where

() (-G e

Then O(d, d; Z) transformations act as diffeomorphisms of the doubled torus 724, the sub-
group of the large diffeomorphisms GL(2d;7Z) preserving n. Our ansatz for the transfor-

S

mation of e, d in the general case follows from the transformations found in [2]:

e (X) = M;* Ml e} (X7),

4.23
d(X)=d(X"). (4.23)

Using this to write the fields e, d in terms of €/, d’ in in (4.20) gives
S(E, W(V')) = /dX’ L [DZ-,[)J-,G*1 . MF NI e;d(X’),d’(X’)} , (4.24)

where we have used
/dX = /dw“dwad:ﬁa = /dx“d(x')“d(i“')a = /dX', (4.25)

since the Jacobian of the transformation is unity.
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The transformation (4.22) of X implies that the (lower-indexed) derivatives acting on
the new fields can be rewritten in terms of primed derivatives based on E’ as follows

D= MD,
_ _ (4.26)
D= MD',
as we will show below. Then the action becomes
S(E, T(T')) = /dX’ c [MD’,Z\Z/D’,G_l; M* 37! e;d(X’),d’(X’)] . (4.27)
If we can show that this is equal to
S(E', ') = /dX’ s [D’,D’, ¢, e;j(X’),d’(X')] , (4.28)
then we will have
S(E',¥') = S(E,¥(¥"), (4.29)

establishing the desired physical equivalence.

To show this, we need to keep track of which indices transform with an M and which
with an M. For this argument, we introduce a notation in which lower indices i transform
with an M and lower indices 7 transform with a M, while upper indices transform with the
inverses of these matrices. Then (4.26) implies that the derivatives are D;, D; while (4.23)
implies that e;; has a first index which is unbarred and a second which is barred. The two
forms for the transformation of the metric in (4.11) imply that we can write G~! with with
two unbarred indices as G% or with two barred ones as G%. For any action in which all
unbarred indices are contracted amongst themselves using G* and all the barred indices
are contracted amongst themselves using Gii , equation (4.11) implies that all factors of
M and M will cancel. This gives the equality of (4.27) and (4.28), as required. The
index contractions in the cubic action (3.25) indeed obey this rule. We see from the string
field (2.38) that the first index in e;; is tied to an unbarred oscillator while the second is tied
to a barred oscillator. It is clear from the commutation relations (2.21) that contractions
always relate two un-barred or two barred operators, but cannot ever mix them. The same
is true for the derivatives D and D that arise from unbarred and barred zero modes, as
shown in (2.23). It follows that the action derived from the string field theory obeys the
stated contraction rules, and so must be T-dual in this way.

To complete the above proof we must derive (4.26). Consider the action of deriva-
tives with respect to z and Z on functions of X’. As a preliminary, short calculations
using (4.22) give

—F(X') = <bt% + dt%>F(X’) :
(4.30)

2F(X’) = <at% + cti>F(X') .
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We then have for D;

DF(X') = \/107 ((% _E %)F(X’)
= \/Z_/ <bt% - dt% - E [at% + ct%]>F(X’) (4.31)
_ \/107 <(dt - Ect)% + W —F t)%)F(X')
Making use of (4.13)
DF(X') = M % (% - E’%)F(X’) — M D'F(X"), (4.32)

as we wanted to show. We repeat for the derivative D;:

DF(X') = ! <3+Et3>F(X’)

Va! \ 0z oz
= \/107 (bt% + dt% + E [at% + Ct%DF(X') (4.33)
= \/107 ((dt - Etct)% + (b + E%ﬂ%)F(X’) .
Making use of (4.13)
DF(X"Y =M \/L_, <% + E’t%>F(X’) =M D'F(X'), (4.34)

as we wanted to show. This completes our proof of (4.26), and therefore our proof of
T-duality.

4.3 Inversion

We now give some explicit formulae relevant to the Zo duality transformation that simul-
taneously exchanges all tori coordinates z® and Z,. This duality transforms the toroidal

= (Z Z) - (2 é) € 0(d,d, 7). (4.35)

ab _ 5ab

background with

Explicitly, bap = O and & , introducing metrics that can naturally raise and lower
indices in what follows. Using (4.7) we find that the toroidal part of the background is

transformed to:

. . E-1
E' =E71, E' = o). (4.36)
0 7
We also have from (4.10)
E'GE=EGE =G. (4.37)
Taking inverses and solving for G'~* we find
Gl BG B = B E. (4.38)
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This gives equation (3.66) which was used to investigate the gauge transformations of the
theory in which fields depend only on . We also have from (4.9)

_E _ (B
M= OV ar— o) (4.39)
0 1 01

M, = —F,.0%, M, = E,6%, (4.40)

so that

using ¢% = §%. The transformation for the field e was given in (4.23) and takes the form
ean(X) = My° Myde! ;(X'), since the matrices M and M are block diagonal. We then find

eab(X) = _Eac eICd(XI) Edb s (441)

d — egbéacébd, giving an €’ with upper indices, which was the natural convention

where €'
used in section 3.4.2. If we solve for ¢ we immediately obtain (3.68). The above results

justify the starting point of the analysis in section 3.4.2.

4.4 The discrete symmetry B — —B

It is well known that the background change B;; — —B;; in a toroidally compactified
theory is a symmetry of the closed string theory. Since B;; couples electrically to the
string, this symmetry is a consequence of the orientation invariance of the theory. We now
show that the discrete symmetry discovered in the action guarantees the invariance of the
physics under B;; — —B;;.

We begin with our action

S(E, ) = / dX L [D,D, G e (X),d(X)] . (4.42)
The replacement B — —B makes E — G — B, which means
E — E'. (4.43)

This does not affect the metric G, but the action formulated with background E! has the
derivatives changed. Given (2.24), we have

S(E', D) :/dX L [\/% ((% —Et%>, \/10[_/ <%+E%>, G e(X),d(X)
(4.44)

We now redefine the fields as

/
I (4.45)

X' = (i:) = (‘;”) . (4.46)
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The effect of this change on the derivatives is to reverse the sign of the terms carrying a
tilde coordinate, so by now

S(E!, U(1')) = / dxX' L [D', DG el (X, d’(X’)} , (4.47)

where we also used dX = dX’. The above action has exactly the replacements associated
with the discrete symmetry (3.26) that leaves the action invariant, so

S(E!, U (1)) = / dxX' L [D', D',G1; e;j(X’),d’(X')} = S(E, V). (4.48)
This shows the physical equivalence of the actions formulated around E and around E'.

4.5 Field redefinitions, Buscher rules, and generalised T-duality

If the fields e;; and d depend on the spacetime coordinates x' = (z*, ) but are independent
of the dual coordinates Z,, then there is a conventional low-energy effective theory. The
effective field theory for these fields obtained using string field theory must be equivalent
to the standard string low-energy effective field theory (2.59) with higher-derivative o’ cor-
rections. The standard theory is written in terms of the total field &;; which defines g;; and
b;; fields that have the standard diffeomorphism and anti-symmetric tensor gauge trans-
formations (3.36). The map from string field theory to the standard effective field theory
has been studied in [30], but has not been found explicitly. We have shown in (3.59) that

1
Eij = gij +bij = Eij + e} + §e;ke§€j + cubic corrections . (4.49)

Here egj is the field used for the double field theory and is related to the string field theory
variable e;; arising in (2.38) by (3.21), so that e}; = e;; + e;;d, making it clear that the
dilaton d mixes in. In the following, we will use only eéj and drop the primes.

The full non-linear relation will include o’ corrections involving derivatives of e;; and
d and string loop corrections. It is also subject to field redefinition ambiguities [30]. To
zeroth order in o', however, the relation should contain no derivatives, on dimensional
grounds and because it is used to match two two-derivative actions. Then at zeroth order

in o/ and at string tree level there must be some algebraic function f(e,d), so that
1
Eij = Eij + fij(e,d), fijle,d) = e;j + §eikekj + cubic corrections, (4.50)

with &; transforming as in (3.40). Moreover, this relation should apply both for the
compactified and uncompactified theory. The field &;; combines the background and fluc-
tuations geometrically.

When the fields are independent of the torus coordinates x¢ as well as 7,, the U(1)?
torus action is an isometry leaving the fields invariant and T-duality acts through the
Buscher rules [18, 19]. The full metric g;; and Kalb-Ramond field b;; depend on z* and
are independent of 2% Z, and so transform according to the extension [19] of the Buscher
rules for the torus:

E'=g(&) = (a€ +b)(cE+d)7 L. (4.51)
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These transformations are expected to receive o corrections and possibly string loop correc-
tions, but to zeroth order in o/ and string tree level, they are the complete non-linear trans-
formations. This can now be compared with the T-duality transformations of e;;, d found
above. As the coordinates z# do not transform, the dilaton is invariant and (4.23) gives

eij(z) = Mi* Mj' efy(x) (4.52)

d(z) = d'(z). .
For infinitesimal e;;, we have &; = Ej; + €;; + O(e?) and using (4.15) we see that the
expansion of (4.51) gives a linear transformation of e;; which is precisely (4.52) plus
quadratic corrections. The requirement that the relation (4.50) should map the linear
transformation (4.52) to the fractional linear transformation places stringent constraints
on the function fj;, as discussed in [30]. A simple explicit function that is compatible with
these two forms of the T-duality transformations was found in [30], but requiring such
compatibility does not fix the function uniquely.

Let us now return to the case in which the fields depend on the torus coordinates x% as
well as z# (but not Z,), so that massive Kaluza-Klein modes with momenta on the torus
exist. The dependence on 2% means that the U(1)? torus action does not preserve the fields
and so the usual Buscher rules do not apply. Nonetheless, our linear transformations (4.23)
for e, d still apply, and the full fields with geometric gauge transformations are still given
by (4.50). The function f;; in (4.50) still converts linear duality transform transformations
into fractional linear transformations. As a result, we learn that the linear transformation
of e;;,d implies the non-linear transformations of £, d given by

9(E(X)) = (a&(X) +b)(cE(X) +d) ",
d(X).

£'(X")

X 4.53
d'(X") (4.58)

Here, the argument X refers to (z#,2% 7, = 0) and X' = ¢gX. For inversion in all d
circles, X' is given by (2/*, 2/ ) = (2#,0,2%) so that the T-dual of a configuration with
dependence on (z#,z®) is one with dependence on (z#,Z,), as expected. Conversely, the
T-dual of a configuration with dependence on (z*,Z,) is one with dependence on (z*, z%).

We now turn to the general case in which the fields e;; and d depend on Z, as well
as o, 2% Then the T-duality transformations of e;;,d are still given by (4.23). In this
case it is not so clear how we should define the total field £(X) as we no longer have a
conventional field theory description to guide us. Moreover, as we saw in section 3.4.2,
different field redefinitions are useful in different contexts. A natural definition, however,
is to take &; = E;; + e;; + fij(e,d) with the same algebraic function f that arose above
in the map from string field theory to the effective field theory, so that we recover the
results above in the case in which there is no dependence on Z,. If we do so, the fact that
fij maps our linear T-duality transformations to fractional linear ones implies that the
transformation of this &; is again given by (4.53) but now with general dependence on the
coordinates (z#, 2% &,). This is a simple and manifestly O(d, d; Z) compatible candidate for

the generalisation of the Buscher rules to the case with general dependence on (x#, %, Z,).

— 41 —



The fact that the double field theory action satisfies
S(E,e,d) = S(E',¢,d), (4.54)

implies that the transformation of both the background F and the fields e, d is a symmetry
of the action. If the action can be rewritten in terms of the total field £ so that S(E, e, d) =
S(&,d), then it will be manifestly independent of the split into a background field E and
a fluctuation e and will be invariant under the T-duality transformations (4.53)

S(&,d) = S(E,d). (4.55)

The matrix H(E) defined in (2.17) for the background field E has a natural generali-
sation for the total field £ = g+ b. We define the 2D x 2D matrix H(E) by

g—bg b bg!
frg . 4.
H(g) < _gflb gfl ) ( 56)

It follows from (4.8) that the background transformation (4.53) induces a simple linear
transformation for H (&)

H(E'(XT) = gH(EX)) " - (4.57)
From (4.57), the inverse G(£) = (H(E))~! transforms as
G(E)=4g"GE"X)g. (4.58)

This can be written suggestively using X' = gX:

G(X) = <88§>tg’(X’) <88)§> : (4.59)

where G'(X') = G(&'(X")) and G(X) = G(E(X)). This shows that G behaves as a covariant
tensor under O(D, D) transformations. Indeed, G defines a duality invariant line element

ds®* = dX'G(E(X))dX . (4.60)

The metric G and its relation to the generalised metric in generalised geometry is discussed
in section 6.

5 Constraint, cocycles, and null subspaces

In this section we discuss some of the subtle issues that arise in our construction. We have
referred to these at various points in the earlier sections. We begin with an examination
of the constraint that requires fields and gauge parameters to be in ker(A), namely, the
kernel of the second-order differential operator A. We define the natural linear projection
[[-]] that takes an arbitrary double field to this kernel. We then turn to a discussion of
cocycles and sign factors. It is possible that the nonlinear completion of the theory will
involve these sign factors. Finally, we conclude with a discussion of null spaces that arise
from the restriction to double fields that have no winding in some suitable T-dual frame,
resulting in a conventional field theory for that non-winding sector.
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5.1 The constraint and projectors

The constraint Ly — Ly = 0 is applied to all fields and gauge parameters. The product
of two fields satisfying the constraint will not satisfy it in general, and for this reason the
string product [-,-] includes an explicit projection onto states that satisfy Lo — Lo = 0.
It also has an insertion of b, that ensures that the string product is annihilated by b, .

Schematically, we have

A0 oo —To),— _
(W, U] = / %eZG(LO Lo by W1, Wa) =6, 1,0 by [W1, Vo], (5.1)
where the primed bracket [-, -] inserts the states in the three-punctured sphere that defines

the vertex. The b, insertion implies that the string product has an intrinsic ghost number
of minus one: gh([4, B]) = gh(A)+gh(B)—1. This inclusion of the projection in the string
product in covariant closed string field theory leads to the failure of a Jacobi identity and
this then requires further higher order interactions resulting in a non-polynomial theory.
Concretely, one finds [3]

0= Q[Bla BQ, B3] + [QBla B25 B3] + (_1)B1 [Bla QBQ, B3] + (_1)B1+B2 [Bla BQ, QB?)]
+(=)P![By, [Ba, B3] + (—1) BV [By By, Bs]] + (1) 0552 By By, By].
(5.2)

If the string product [-,-,-] satisfied a Jacobi-like identity, the terms on the second line
would add up to zero. Since they do not, one requires an elementary triple product repre-
sented by [, ,] and used to define a quartic elementary interaction. This triple product
(as well as all higher ones) must also include a projection to states that satisfy Lo — Lo = 0.
The failure of @ to be a derivation of this product is equal to the violation of the Jacobi
identity. The above relation is part of the defining relations of the L., homotopy Lie-
algebra [3, 31].

Consider now the states with N = N = 1. Projection down to the physical space with
A = 0 is most easily discussed in momentum space. Consider a field ¢ (with N = N = 1)
with definite momenta and winding numbers (w®, p,) = (m®,n,) witha = 1,2,...,d. Then

Ap=0 < > ngm"=nm=0. (5.3)

We combine the winding m® and the momentum n, of ¢ into a 2d-column vector v:

V= <7:> € Z2d, (5.4)

and define the inner product with respect to the O(d, d) invariant metric 7

1 /
vodv = vl v = (m,n) <0 ) <m>:mn'+nm/. (5.5)

10 n’
Since v o v = 2n,m%, the A = 0 constraint on the vector takes the form

Ap=0 < wvov=0. (5.6)
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In words, the vector v is null with respect to 1. A field with definite momentum and
winding must satisfy this condition to be allowed. A general superposition of such allowed
fields is also allowed, since A is a linear operator. If we have fields ¢ and ¢’ with null
momenta v and v’, the product ¢¢’ has momentum v + v’ which is not null in general.
The product will only satisfy the constraint if the momenta are orthogonal:

Alpd) =0 < (v+v)o(v+v)=0 < wvod =0. (5.7)

The constraint is not satisfied by products since A is a second-order differential operator.
We enforce the constraint as follows. Given a general field A(z#, %, %,), a Fourier series
for the compact dimensions yields

Azt z%, &,) = Z A(z*,v) eV X = Z Az v) M Fatinaz® (5.8)

U€Z2d U€Z2d

Since A = —%3,15“ we find

AA = % Z vouv A(z",v) e X (5.9)
’UEZ2d

A canonical projection of a general A into a field [[A]] that satisfies the A = 0 constraint
is defined by

(Al = " oo Ala#,v) e % . (5.10)

UeZQd

The role of the Kronecker delta is to retain only the Fourier components of the field whose
momenta are null. It is now clear that

AJ[A]] =0. (5.11)

It is also clear from the definition that with constants o and  and functions A and B we
have

[aA + BB]] = o [[A]l + B[[B]] (5.12)

The operation [[-]] is a linear map from the space of functions on the doubled torus to

the kernel of A. It is a projector because applying it twice has the same effect as applying
it once. The operation [[-]] implements the A = 0 constraint in the same way that the
Kronecker delta in (5.1) implements the level matching constraint for a general string
field. For constrained fields A(x,Z) and B(zx,Z), the product [[A(z,Z)B(z,Z)]] projects
onto those Fourier modes A(z,v)B(x,v") with v,v" both null and orthogonal, v o v’ = 0.

The closed string product includes the projector d;, 7, o because the product of two
allowed states should give an allowed state. We must therefore use the projection [[-]] in
the gauge transformations (3.27) to ensure that the gauge variations are allowed variations
of the fields. This means that, properly written, the gauge transformations are

Sreiy = Didi+ 5 [ (DM)ers — (D¥A)ens + MeDhess ||
1
i

(5.13)

Syd =DMt 5 [[(A-D)d]] |
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Happily, there is no need to use the projection [[-]] in the cubic action. The action is
correct as written in equation (3.25). This is not difficult to explain. Let A be a field that
satisfies AA = 0 and B be a field that does not. Then, we claim that

/A[[B]]:/AB, (5.14)

where the integral is over z#, z%, and z,. It follows from the above that the projection of
B to the kernel of A is not needed. This is clear in momentum space. The integration
implies that any Fourier mode of B with momentum v can only couple to a Fourier mode
of A with momentum (—v). Then any Fourier mode of B with momentum v that is not
allowed cannot contribute since (—v) is also not allowed and thus cannot be found in
A, as A satisfies the constraint. Next consider the cubic term in the action. Since this
arises from the string field theory term (¥, [V, ¥]) the structure we obtain must be a sum
of terms of the form [ ¢y [[p2¢3]]. Since ¢y satisfies the constraint, equation (5.14) shows
that the projector is not needed for the product ¢o¢3. Therefore, we do not need to include
additional projectors in the quadratic and cubic terms in the action. Similar remarks apply
to the check of gauge invariance of the action. The above gauge transformations induces
terms of the form [ ¢ [[A¢2]]. Again, the projector is not needed to the order to which we
are working, and we can proceed naively.

This convenient simplification may disappear for terms in the action quartic in fields.
The terms that arise from the elementary quartic interaction (W, [¥, W, W]) of the closed
string field theory action would have the form [ ¢;[[¢2d3¢4]]. Again, because of (5.14)
the projector is not needed and this term equals [ ¢1¢2¢3¢4. On the other hand, terms
that arise from integrating out other fields will have a projector of the form [ ¢1¢2 [[p3¢4]].
This projector cannot be eliminated. It is clear that given four fields, the projector can
be inserted in three inequivalent ways — the number of ways in which the fields can be
partitioned into groups of two. It seems tempting to believe that terms with these three
inequivalent positions of the projector may be related to terms with no projector through
identities in the spirit of (5.2).

5.2 Cocycles

We now address another important issue. Closed string vertex operators in toroidal back-
grounds have cocycles — operators that are included to ensure standard commutation
properties [27, 28]. If v}}a denotes the naive vertex operator for a state with momenta and
winding specified by v, one finds

VSQ (22, 22) V1(1)1 (21, 21) = ei” v1ov2 VSI (21, 21) VSQ (22, 22) . (515)

The phase factor can be equal to minus one, in which case we have the unpleasant fact that
vertex operators for bosons anticommute. A cocycle operator is included multiplicatively
to define vertex operators V,, that always commute. These cocycles affect the signs of
correlation functions. As a result, there are extra signs that are introduced in the three-
string vertex [2, 4, 5]. Up to field redefinitions, the sign factor that affects the amplitude
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Vou VsV, ) is |
€ay = €T AnIm) (5.16)

Of course v, + vg + vy = 0. The sign factor can be shown to be cyclic invariant. Under
exchange of o and [ labels, for example, this sign factor changes as follows:

€fary = €apy €T (5.17)

The sign factor (5.16) is nontrivial: it cannot be removed by redefinitions of the states
corresponding to the vertex operators. For our case of interest the situation is somewhat
simpler. We have n®m® = 0 because all states satisfy the A = 0 constraint. As a

result, (5.16) becomes
Capy = €7 (5.18)

Despite appearances to the contrary this sign factor is fully symmetric under exchange of
labels. This can be understood as follows. First recall the simple fact that given three
null vectors that add up to zero, the vectors are mutually orthogonal. This shows that
Uq O Vg = Vo 0 Vy = vg 0 v, = 0 and the sign factor associated with exchanges vanishes.
A symmetric sign factor could be trivial, but we have not been able to show that (5.18)
is trivial. Note, however, that any three (constrained) states coupled by the three string
vertex have momenta which are orthogonal and therefore the associated cocycle-free vertex
operators commute (see (5.15)).

The cubic action we have written did not include cocycle-induced sign factors. If
present, such signs also appear in the gauge transformations and in the duality transfor-
mations. It is known that string field theory gauge invariance to O(AW?) holds with or
without such sign factors and this may explain why our construction succeeded so far with-
out any sign factors. It is to next order that the sign factors are claimed to be needed for
gauge invariance [4]. The cocycle-induced sign factors are non-trivial and required for the
full string field theory, but their role may be different for the double field theory we are
focussing on. We hope to return to this question in the future.

5.3 Spaces large and small

For fields with arbitrary dependence on the coordinates X of T2¢, the momenta can be
arbitrary v’s in the full momentum lattice Z2¢ introduced in section 5.1. The constraint

vouv =0, (5.19)

restricts us to the null subspace of Z?, which we refer to as the large space. The equation
vowv = 0 defines a light-cone in R?*? with metric 7, and the large space consists of the
points on this light cone with integer coordinates. For general string states with N # N,
this light-cone is replaced by the hyperboloid

1
§UOU:N—N. (5.20)

A 2d dimensional space with metric of signature (d,d) can have totally null d-
dimensional subspaces (called totally isotropic subspaces in the mathematics literature)
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in which the indefinite metric restricts to zero, so that all tangent vectors to the subspace
are null and mutually orthogonal. We shall be interested in totally null subspaces T¢ c T%¢.
Writing the metric as ds? = 2dz%di,, we see that the d-torus with coordinates 2% and the
dual torus with coordinates &, are both totally null, and any T obtained from these by
acting with O(d, d;Z) will also be totally null. If we let the coordinates of a null subspace
be y® and those of the complement be 7,, then the metric 7 is ds? = 2dy®dyj, and

2 o 0
A== Za: 5 (5.21)

For fields that are independent of ¢, the constraint A = 0 is automatically satisfied. More-
over, all products of fields satisfy the constraint A = 0 and no projection [[-]] is necessary.
Nor are cocycles needed, as all momenta v for such fields are null and mutually orthogonal,
so all vertex operators are mutually local. Then the restriction of the full double field
theory to fields dependent only on the coordinates y® of such a null subspace (together
with x#) should give a conventional local field theory without cocycles or projectors. For
the T with coordinates 2, this should be the conventional field theory with action (2.59)
(after field redefinitions, and compactified on T'%), while for other choices it should be a
dual theory related to this by an O(d,d;Z) transformation. However, these theories can
be written in a duality covariant way, by taking the double field theory and restricting the
momentum space to a small space where all vectors v are not only null, but also mutually
orthogonal. With this restriction, the double field theory has no cocycles, constraints or
projectors. It would be very interesting to obtain the full nonlinear version of our action
under this simplifying assumption. The result may be related to the work of Siegel [8] who
constructed a realization of T-duality in the massless sector under the assumption that all

momenta are orthogonal.

6 Comments and open questions

A striking feature of string field theory on a torus is that general solutions involve fields on
the doubled torus instead of conventional spacetime fields. As a result, the theory is very
different from that suggested by conventional effective field theories that, like supergravity
limits of superstrings, miss key stringy features. The theory on a torus is a case which is
nontrivial enough to be interesting yet is simple enough to be tractable. One of our goals
here has been to seek a subsector of this theory that is almost as simple as a conventional
field theory but which is rich enough to include much of the magic of string theory.

We have begun the construction of an intriguing double field theory of massless
fields h;j;,b;5,d depending on both x and . We have used string field theory to find the
action to cubic order and showed that its variation under gauge transformations, found
to linear order in the fields, vanishes to the requisite order. By including both winding
and momenta we do not have a regime where all excitations have parametrically small
energy and the theory may not arise as a simple decoupling limit of string theory. If we
view our construction as an effective field theory for a natural set of excitations (some of
which may have large energy), the string field theory suggests that an action and gauge
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transformations should exist to all orders in the field, although the explicit calculation of
these becomes much harder at higher orders. The unusual features of string field theory
include the explicit projectors to the kernel of Ly — Lo, cocycle-induced sign factors in
the vertices, and the homotopy Lie algebra structure of the string products. These are all
expected to play a role in the double field theory, although they have been largely avoided
at the cubic level. Of course, the A = 0 constraint on fields and gauge parameters, which
arises from the Ly — Lo = 0 constraint in string field theory, has played a central role. It
was absolutely crucial, even for linearised gauge invariance.

It has long been known that the Lo— Ly = 0 constraint is fundamental and all attempts
to formulate closed string field theory without imposing this off-shell condition on the fields
and parameters have so far failed. Such a formulation could exist, but a very significant
conceptual advance may be needed to find it. In our massless theory the level-matching
constraint became A = 0. Our attempts to relax this constraint failed, but we hope that
understanding the constraint in the simpler setting of the double field theory may shed
light on the constraint in the full string field theory.

It is natural to speculate on the full non-linear form of the theory. We noted that the
free theory includes gauge parameters that suffice to describe “double-diffeomorphisms”
or linearised diffeomorphisms of the doubled space R* 51 x 724, The nonlinear exten-
sion shows that the symmetry of the theory appears to be considerably more intricate.
In addition to linearised diffeomorphisms, the gauge parameters generate doubled gauge
transformations of the antisymmetric tensor field so that there is an interesting mixture of
the two symmetries. Second, there is the projection of the gauge parameters to the kernel
of A. The full symmetry has an algebra that appears to be different from that of diffeomor-
phisms on the doubled space R* 11 x T2¢ but does include the diffeomorphisms of various
undoubled subspaces R* ™11 x T¢ obtained by keeping only the 2 coordinates, or keeping
only a set of coordinates obtained from the z% by T-duality. As we have noted at various
points, the full symmetry of the theory may turn out to be that of a homotopy-Lie algebra,
or some related structure. It would be interesting to see what field theory structures arise
to define the higher products inherent in such algebra. In a homotopy Lie algebra we have
field dependent structure constants and a gauge algebra that only closes on-shell. These
features are coherently organised and described by the products. While diffeomorphisms
define a conventional Lie algebra, the larger symmetry of our theory most likely does not.
Perhaps the most important open question related to the action is that of cocycles. The
construction of the quartic terms in the action will have to face this issue, as well as the
possibility that explicit projectors to the kernel of A will be needed.

The string field theory treats the background E and the fluctuation e rather differ-
ently, but gives a treatment to all orders in an arbitrary fluctuation e. In section 4.5, we
introduced a total field £(X) combining both background and fluctuation, showing that
it had the right geometric gauge transformations when independent of . The Buscher
transformation of £ was extended to the case with dependence on both x and Z, providing
a generalisation of T-duality of the kind proposed in [25]. Rewriting the double field theory
in terms of £ would give a version of the theory independent of the split into background
and fluctuation, and thus with some degree of background independence. Although arbi-
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trary geometries would be allowed, our formulation would remain very much tied to the
topology R~ x T?: other topologies would have different zero-mode structures.

Some of the structures in our work also arise in generalised geometry, but with im-
portant differences. Generalised geometry [35, 36] treats structures on a D dimensional
manifold M on which there is a natural action of the group O(D, D). This typically in-
volves doubling the tangent space of a manifold M (replacing the tangent bundle 7" with
T @ T*). Tensor indices then run over twice the usual range, but there is dependence only
on the D coordinates of M. If M is equipped with a metric and B-field &; = g;; + by,
these can be usefully combined into the 2D x 2D matrix H(E) given by (4.56). The inverse
matrix G(€) = H~! is the generalised metric [36]. It is a 2D x 2D matrix but depends
only on the D coordinates of M. Generalised geometry is then the study of conventional
geometry with a metric and B-field on M, packaged in a useful way.

In our work, by contrast, we restrict to D-dimensional manifolds M = R~ L1 x 7% and
find that string theory leads us to R~ b1 x 724 with a doubling of the torus coordinates
but no doubling of the range of tensor indices. We found it notationally useful to double the
coordinates of R"~ b1 also, to give a space Mgoubleda With dimension 2D. Our fields depend
non-trivially on the doubled torus coordinates (z%,z,) and on the Minkowski coordinates
x#, but do not depend on the extra dual Minkowski coordinates z,. It follows that we
can use the double field theory fluctuations to define the field & = E;; 4+ e;; + ... in (4.49)
that depends nontrivially on (z#, x%, Z,). We then define an H (&) by (4.56) and its inverse
G(E). If € depends only on the coordinates (z#,z®) of M, then G(£) is a generalised metric
on M, but here we generalise to allow dependence on Z, also. Since G(&) is a 2D x 2D
matrix function on the 2D dimensional space Mgoupled that depends on (z#,z%, Z,), it is
a candidate for a conventional metric on Myoupleq. We have seen in (4.60) that the line
element ds? = dX'G(E(X))dX is invariant under T-duality transformations, which act as
large diffeomorphisms of 72¢. The metric G is constrained, because H is: nH = H~'n, and
is further restricted by the requirement that A annihilate e;; and d. Then G is a natural and
interesting object that could play an important role in the formulation of double field theory.

Our work has been concrete and explicit. It has long been known that the toroidal
coordinates in closed string theory should be doubled due to the presence of winding modes
and we have given a precise sense to this, showing that the dual coordinates enter on an
equal footing with the spacetime coordinates and that fields depend on both spacetime and
dual coordinates. We have seen that double field theory exists as a free theory and when
we include the lowest-order interactions. A number of key features have been identified
precisely. The symmetry structure is novel and remains to be fully understood and the
full nonlinear theory remains to be found. We have seen that doubled fields can be used
to define a kind of geometry on the doubled space that reduces to conventional spacetime
geometry on the original torus or to a dual geometry on the dual torus. This geometry
is fully dynamical — it depends on all of the coordinates of the doubled space, it evolves
according to field equations and is subject to constraints. This leads to the conclusion
that the full doubled geometry is physical: the dual dimensions should not be viewed as
an auxiliary structure or a gauge artifact. It is therefore reasonable to expect that doubled
geometry will feature prominently in the eventual understanding of the nature of space
and the role of geometry in string theory.
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